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Normal moveout coefficients for horizontally
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ABSTRACT
Sedimentary layers affected by vertical compaction and
strong lateral tectonic stresses are often characterized by
low anisotropic symmetry (e.g., tilted orthorhombic
[TOR]/monoclinic or even triclinic). Considering all types
of pure-mode and converted waves, we derive the normal
moveout (NMO) series coefficients of near normal-incidence reflected waves in arbitrarily anisotropic horizontally
layered media, for a leading error term of order six. The
NMO series can be either a function of the invariant horizontal slowness (slowness domain) or the surface offset (offset domain). The NMO series coefficients, referred to also as
effective parameters, are associated with the corresponding
azimuthally varying NMO velocity functions. We distinguish between local (single-layer) and global (overburden
multilayer) effective parameters, which are related by forward and inverse Dix-type transforms. We derive the local
effective parameters for an arbitrary anisotropic (triclinic)
layer, which is the main contribution of this paper. With
some additional geologic constraints, the local effective
parameters can then be converted into the interval elastic
properties. To demonstrate the applicability of our method,
we consider a synthetic layered model in which each layer is
characterized with TOR symmetry. The corresponding
global effective model loses the symmetries of the individual
layers and is characterized by triclinic symmetry.

INTRODUCTION
Triclinic rocks are the most general anisotropic continua, characterized by point symmetry only (at each given point, the continuum
is symmetric under reflection through the origin of the coordinate
frame, located at this point), and its stiffness matrix includes 21 dis-

tinct components (e.g., Slawinski, 2015). Subsurface sedimentary
layers affected by vertical compaction and lateral asymmetric tectonic stress typically exhibit considerable azimuthal anisotropy. In
many cases, under these conditions, the anisotropic symmetries
break down and the layers can only be described by triclinic
anisotropy. Overall, symmetries lower than orthorhombic in horizontally layered media could be caused by complex fracture systems or stress regimes resulting in considerable azimuthal
anisotropy (e.g., Grechka and Kachanov, 2006; Lynn and Michelena, 2011; Jones and Davison, 2015). In these cases, transverse
isotropy with a tilted axis of symmetry (TTI) is insufficient to explain the azimuthal anisotropy, and, at least, a tilted orthorhombic
(TOR) model is needed for these complex geologic structures
(Li et al., 2012). The presence of multiple fracture sets may lower
the medium symmetry to monoclinic or even triclinic. If multiple
fracture sets have their normals confined to the same plane, then
that plane is the plane of symmetry, and the medium is monoclinic
(Bakulin et al., 2000b); otherwise, it is triclinic (Tsvankin and
Grechka, 2011). Note that even in cases in which the individual
layers are characterized by different TOR parameters, the global
effective model is characterized by general (triclinic) anisotropy,
in which the symmetries of the individual layers are completely
ruined.
The literature on normal moveout (NMO) approximations in
anisotropic layered media is very rich and includes important studies, which have already been extensively implemented in seismic
processing and imaging. The forward computation of second-order
global NMO velocities (NMO velocity ellipse) in layered orthorhombic media as a function of the offset azimuth (source-receiver
azimuth) ψ off has been intensively studied (e.g., Grechka and
Tsvankin, 1998; Bakulin et al., 2000a, 2002). This theory has
been extended for depth-varying orientation of the vertical
symmetry planes by Grechka and Tsvankin (1999). Ravve and
Koren (2013, 2015a), Koren et al. (2013), and Koren and
Ravve (2014) study the second-order NMO velocity for the same
layered orthorhombic model as a function of the slowness azimuth ψ slw .
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For pure-mode waves, Grechka et al. (1997, 1999) derive a
general equation for the NMO ellipse in arbitrarily anisotropic,
homogeneous media and introduce a 3D generalized Dix-type equation for layered media above the horizontal and dipping reflectors.
Grechka and Tsvankin (2002a) further extend the generalized Dixtype procedure to obtain the effective NMO ellipses in laterally
heterogeneous, arbitrarily anisotropic media. These results have
been used in stacking velocity-driven tomography for interval
parameter estimation in transversely isotropic and orthorhombic
media (Grechka et al., 2005). Hao and Stovas (2016) study the
slowness surface approximation for P-waves and acoustic model
in a homogeneous TOR media. Ivanov and Stovas (2016) derive
the second-order NMO velocity formula for a single-layer TOR
medium considering pure-mode and converted waves.
Overall, the second-order moveout approximations may provide
an acceptable fit to P-wave reflection traveltimes for offset-to-depth
ratio up to one and moderate anisotropy (Grechka and Tsvankin,
1999; Vasconcelos and Grechka, 2007; Tsvankin and Grechka,
2011; Tsvankin, 2012). However, it has been shown that the accuracy of hyperbolic moveout equations parameterized by second-order NMO velocities is not sufficient for analyzing seismic reflection
events with longer offsets, (when the offset-to-depth ratio exceeds
one), especially in azimuthally anisotropic layered models with low
symmetries and strong anisotropy (e.g., Koren and Ravve, 2017;
Ravve and Koren, 2017b). In these cases, the use of hyperbolic
approximation is questionable and can cause significant errors in
the inversion; therefore, higher order terms become essential. Even
for pure-mode P-waves and short offsets, in the case of TOR or
triclinic layered media, it may be necessary to include nonhyperbolic terms.
Nonhyperbolic reflection moveout in a layered transversely isotropic medium with a horizontal symmetry axis (HTI) has been studied in the offset-azimuth domain by Al-Dajani and Tsvankin (1998)
and in the slowness-azimuth domain by Ravve and Koren (2010) and
Koren et al. (2010). Al-Dajani et al. (1998) and Al-Dajani and Toksoz
(2001) derive the offset-azimuth domain fourth-order moveout coefficient for a single orthorhombic layer with a horizontal symmetry
plane, which overlies a horizontal reflector. Pech et al. (2003) derive
an exact equation for the quartic moveout coefficient of pure-mode
waves in arbitrarily anisotropic, heterogeneous media, and implement
their theory for a transversely isotropic layer with a tilted axis of symmetry (TTI). Pech and Tsvankin (2004) study the quartic moveout
coefficient for a dipping orthorhombic layer, considering weak
anisotropy and assuming that one of the symmetry planes is aligned
with the dip plane of the reflector.
Vasconcelos and Tsvankin (2006) demonstrate that the generalized version of the nonhyperbolic moveout equation proposed
by Alkhalifah and Tsvankin (1995) for vertical symmetry axis
(VTI) media gives an accurate description of P-wave moveout in
layered orthorhombic models with arbitrary orientation of the vertical symmetry planes. Wang and Tsvankin (2009) present a stable
algorithm for interval moveout inversion in layered orthorhombic
media based on velocity-independent layer stripping. This method
operates with interval traveltimes that can be obtained without
knowledge of the velocity model; this is a key advantage of that
approach, which leads to enhanced stability. A comprehensive overview of second- and fourth-order moveout coefficients and moveout-based parameter estimation for practical anisotropic models is
given in the book by Tsvankin and Grechka (2011).

Stovas (2015) studies the NMO velocity in multilayer orthorhombic media with different azimuths of the orthorhombic vertical symmetry planes, and derives approximate expressions for effective
anellipticity in the slowness- and offset-azimuth domains, for
P-waves and acoustic model. Sripanich and Fomel (2016) propose
an explicit formula for the fourth-order NMO velocity for horizontally layered triclinic media, considering pure-mode waves with
symmetric moveout, which was used to estimate the interval parameters of layered orthorhombic models with depth-varying azimuths
of vertical symmetry planes. Stovas (2017) derives approximations
for three anelliptic parameters for pure-mode and converted waves
in elastic orthorhombic media. Ravve and Koren (2016, 2017b) and
Koren and Ravve (2016a, 2017) derive exact fourth-order NMO
velocity functions for all types of pure-mode and converted waves
in layered orthorhombic media with depth-varying azimuths of the
vertical symmetry planes, for the slowness-azimuth and offset-azimuth domains.
For large offset-to-depth ratios approaching and exceeding two,
even the quartic Taylor series for squared traveltime does not suffice, and additional information about the asymptotic horizontal
velocity is needed. The moveout approximation for this case was
suggested for layered VTI media by Tsvankin and Thomsen
(1994) and, as discussed by Tsvankin and Grechka (2011), it
can be extended to azimuthally anisotropic media with low symmetries (Ravve and Koren, 2015b). High accuracy of the long-offset
moveout approximation may be achieved by using additional effective parameters related to a ray at a large finite offset, such as in the
generalized moveout approximation by Fomel and Stovas (2010)
and its modifications (Sripanich and Fomel, 2015; Ravve and
Koren, 2017a; Sripanich et al., 2017).
For models without a horizontal symmetry plane, moveouts of
converted waves, even in horizontally layered anisotropic media,
become asymmetric (the reflection traveltime changes when the
source and receiver are swapped), and the moveout series includes
odd and even powers of offset. It may not be easy to operate with the
additional moveout coefficients and asymmetric traveltime functions in velocity analysis. An attractive alternative (PP + PS =
SS method) is suggested by Grechka and Tsvankin (2002b); the
method makes it possible to obtain the moveout of pure SS-waves
from PP and PS data.
Koren and Ravve (2016b) derive the coefficients of the moveout
series for general anisotropic (triclinic) layered models, and present
this work as an extended abstract at the 17th International Workshop
on Seismic Anisotropy. The primary objective of this study is to
provide a full derivation of the results presented in that abstract.
Considering all types of pure-mode and converted waves, we derive
the NMO series coefficients of near normal-incidence reflection
waves in general anisotropic (triclinic) horizontally layered media,
for a leading error term of order six in offset or horizontal slowness.
The body of the paper includes two main parts. In the first, we
consider events with symmetric moveout when the traveltime is an
even function of the offset or horizontal slowness. This case includes pure-mode waves for general anisotropic horizontally layered media and converted waves for horizontally layered models
sharing a common horizontal symmetry plane. We then introduce
an additional intuitive set of normalized parameters for symmetric
moveout and provide their feasible ranges. We further show that for
weak azimuthal anisotropy, the azimuth in the formulas may be
considered generic (i.e., the same in the slowness- and offset-azi-
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muth domains), and the second- and fourth-order NMO velocity
formulas in the offset-azimuth domain reduce to simpler expressions in the slowness-azimuth domain. In the second part, we consider converted waves in arbitrarily anisotropic media, in which the
moveout becomes asymmetric. Thus, in addition to the three second-order and five fourth-order effective parameters needed for
pure-mode waves, 12 new parameters (two first-order, four thirdorder, and six fifth-order) are required. The six fifth-order parameters can be ignored in case we restrict the leading error term to
order five.
The validity of the derived formulas for pure-mode waves is demonstrated using a synthetic layered model composed of strongly
anisotropic TOR layers with varying orientation of all three mutually orthogonal symmetry planes, resulting in an effective velocity
model with triclinic symmetry. Each layer is characterized by nine
orthorhombic parameters using Tsvankin (1997) notation, thickness, and three additional Euler angles. The validity of the derived
formulas for effective parameters is tested by introducing the offsetazimuth domain, second-order NMO velocity, and fourth-order
anellipticity parameter into the well-known, azimuthally varying,
nonhyperbolic moveout approximation (e.g., Vasconcelos and
Tsvankin, 2006). We compare the approximate traveltimes with
those obtained by exact ray tracing.

BASIC DEFINITIONS
Normal incidence ray pair
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Interval, local effective, and global effective parameters
We distinguish between three different types of parameters: interval parameters, local effective parameters, and global effective
parameters. The interval parameters are the physical elastic parameters of the individual layers. Although not essential, in this study,
they are assumed to be constant within each layer, with discontinuities across the interfaces. For example, for a TOR layer, these are
the velocity of P-waves propagating in the direction of x3 , the velocity of S-waves propagating in the direction of x3 , and polarized in
the direction of x1 (where x1 ; x2 ; x3 are the intersections of the
orthorhombic symmetry planes constituting the axes of the local
frame), seven Tsvankin’s (1997) orthorhombic parameters, three
Euler orientation angles for the planes of symmetry with respect
to the global frame, and the layer thickness. For a fully triclinic
layer, these may be 21 density-normalized stiffness coefficients
and the layer thickness. The local effective parameters are different
— they are the moveout coefficient parameters of a single layer
(referred to also as interval moveout parameters). Applying forward
“Dix-type” summation over the local effective parameters, we obtain the global effective parameters for the entire medium above the
reflector. Note that local and global effective parameters for layered
isotropic media (e.g., Dix, 1955) have been widely used for interval
velocity parameters estimation and seismic imaging.
In the case of symmetric moveout, for each triclinic layer, there
are three second-order and five fourth-order local effective parameters, all of which are independent. The corresponding overburden
layered model is also characterized by eight independent parameters
(global effective parameters). Moveout series expansion coefficients are azimuthally dependent functions that include the global
effective parameters. Each local effective parameter depends on the
derivatives of the vertical slowness (slowness surface) of the corresponding order with respect to the horizontal-slowness components
and on the layer thickness. For each wave type, the derivatives,
computed in this work for the normal-incidence ray with vanishing
horizontal slowness, depend only on the stiffness coefficients.

Normal incidence means that the incidence and reflection phasevelocity directions are normal to the reflection surface. In the case of
horizontal reflectors considered in this study, normal incidence
means strictly vertical incidence and reflected phase-velocity vectors. The group velocities in this case are generally nonvertical (unless the horizontal reflector coincides with a plane of symmetry). In
the case of normal incidence (vertical slowness vectors), the directions of the incidence and reflected tilted ray (group) velocities
coincide for pure-mode waves in triclinic media. In this case, the
Radial and transverse offset components
offset is zero — the source and receiver locations are the same,
It is convenient to split the offset vector h into the radial comalthough this lateral location does not coincide with the projection
ponent
hR along the slowness-azimuth ψ slw and the transverse comof the reflection point onto the surface. For normal-incidence conponent hT in the normal direction, ψ slw þ π∕2 (as shown in
verted waves, in which the moveout is asymmetric, the incidence
Figure 1, where h2 ¼ h2R þ h2T ). A right triangle is shown in red,
and reflected phase velocities are still vertical (normal to the reflector), and the two ray velocities are tilted, but the
directions of the incidence and reflection ray
velocities are different. In this case, the two normal-incidence rays emerging from the subsurface
image point arrive at two different surface points,
thus producing a nonzero offset of normal incidence. In other words, normal incidence means
vanishing horizontal slowness. For an asymmetric moveout (e.g., converted waves even in a single triclinic layer), the zero offset does not mean
a normal-incidence ray pair. A normal-incidence
ray pair leads to a nonzero offset (which is not
small unless the anisotropy is weak), and other
ray pairs that differ from the normal incidence
ray (i.e., with nonzero horizontal slowness of
specific magnitude and azimuth) may lead to a
Figure 1. Cartoon of the local and global radial (lengthwise) and transverse offset comzero surface offset.
ponents, with an azimuthal lag between the offset azimuth and the slowness azimuth.
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whose legs are hR and hT . Leg hR is in line with the slowness-azimuth ψ slw , and the hypotenuse h is in line with the offset-azimuth
ψ off . The acute angle adjacent to leg hR is the azimuthal lag
ψ off − ψ slw .

METHOD
We start with the simpler case, assuming a symmetric moveout
with only even powers of the offset or horizontal slowness. The
moveout is symmetric for pure-mode waves in any media, including
the horizontally layered triclinic model treated here. Note that for
converted waves, the moveout symmetry holds only for horizontally
layered models sharing a horizontal symmetry plane, such as monoclinic and its particular cases: orthorhombic or transverse isotropy
with a VTI or HTI. For the symmetric moveout, the odd-power coefficients of the NMO series vanish, and the remaining coefficients
are the zero-offset time and azimuthally varying second-order (three
effective parameters) and fourth-order (five effective parameters)
NMO velocity functions (for a leading error term of order six).
The quartic coefficient can be calculated from the second- and
fourth-order NMO velocities. We then extend the theory to cases
in which the moveout symmetry no longer holds, i.e., for converted
waves in horizontally layered media without a horizontal symmetry
plane, such as transverse isotropy with TTI, TOR, tilted monoclinic,
and triclinic. In this case, to maintain an error of order six in offset
or horizontal slowness, all odd- and even-power coefficients of the
NMO series to the fifth order are required. This result in an additional 12 effective parameters: two first-order, four third-order, and
six fifth-order. We note that the last six fifth-order parameters can in
some cases be optional. By neglecting them, the accuracy of the
NMO series will reduce to the fourth order with a leading error term
of order five.
Our derivation starts with the so-called local kinematic components: two offset components and traveltime within a given layer, as
series expansions of the short (invariant) horizontal-slowness vector. Its magnitude is small compared with the critical horizontal
slowness, in which the latter yields a zero vertical slowness for a
given wave type and slowness azimuth. We then invert the series
expansion to obtain the traveltime series directly versus the short
horizontal-offset vector (small offset-to-depth ratio). The two vectors (horizontal slowness and horizontal offset) are then presented in
polar frames (with the magnitude and azimuth instead of two Cartesian components), to obtain azimuthally varying NMO velocities.
The latter characterize azimuthally varying moveouts, which are the
series expansions in the magnitude of horizontal slowness or horizontal offset. We consider the two commonly used azimuthal domains: slowness azimuth, in which the moveout is a function of the
azimuth and magnitude of the horizontal-slowness vector, and offset azimuth, in which the moveout is a function of the azimuth and
magnitude of the source-receiver offset vector. We note that the
same effective parameters are used to approximate the moveouts
in the slowness- and offset-azimuth domains, but the explicit expressions of the azimuthally varying NMO velocities are domain
dependent. Finally, we provide the two-way relationships between
the offset azimuth and slowness azimuth.
The choice of the given azimuth domain depends on the application and the type of prestack seismic data used. Obviously, when
recorded seismic data, such as common shot or common midpoint
time gathers, are directly used, offset-azimuth domain NMO velocities are required. However, many applications and workflows,

especially those involved in the velocity analysis for azimuthally
anisotropic media, are implemented directly in the migrated
domain, using different types of common-image gathers (CIG).
The most common CIG types used are those generated by Kirchhoff-based migration, in which the recorded seismic events are
migrated (mapped) down to the subsurface image points and are
binned either into offset-azimuth/offset tiles or into slownessazimuth/horizontal-slowness tiles. The latter are associated with migration in the local angle domain (e.g., Koren and Ravve, 2011;
Ravve and Koren, 2011) and have been proven to provide superior
image quality, especially for anisotropic velocity-model building
and amplitude inversion. General workflows for estimating azimuthally anisotropic model parameters in the migrated domain, using
the concept of effective model parameters, are discussed in a separate section.

SLOWNESS-AZIMUTH ONE-WAY LOCAL
KINEMATIC COMPONENTS
Consider a ray emerging from a subsurface point with a given
slowness vector p ¼ fp1 ; p2 ; p3 g and traveling up to the surface
through a set of homogeneous horizontal arbitrarily anisotropic
(triclinic) layers. The components of the horizontal slowness
vector ph ¼ fp1 ; p2 g are preserved along the entire raypath, and
therefore represent invariant ray parameters. The vertical slowness
p3 ¼ qðph Þ, however, changes from layer to layer. For convenience,
we split the 3D ray-velocity vector into a 2D horizontal ray-velocity
vector vray;h ¼ fvray;1 ; vray;2 gand a scalar vertical ray-velocity component vray;3 . The ray velocity can be obtained by (Grechka et al.,
1997, 1999)

vray;h ¼ −

∇ph q
;
q − ph · ∇ph q

vray;3 ¼

1
;
q − ph · ∇ph q

(1)

where ∇ph q ¼ fð∂q∕∂p1 Þ; ð∂q∕∂p2 Þg is the gradient vector containing the derivatives of the vertical slowness with respect to
the horizontal slowness components. Hence, for a general azimuthally anisotropic layer with a thickness Δz and with densitynormalized stiffness parameters Cij ; i; j ¼ 1; : : : ; 6, and for a given
horizontal-slowness vector ph, the local kinematic components —
one-way local offset vector Δhone-way and one-way local traveltime
Δtone−way — are given by

Δhone-way vray;h
¼
¼ −∇ph qðph Þ;
Δz
vray;3
Δtone-way
1
¼
¼ qðph Þ − ph · ∇ph qðph Þ:
vray;3
Δz

(2)

Note that the local offset and traveltime, Δhone-way andΔtone-way , can
also be obtained without the knowledge of the ray-velocity components, by using the local intercept time Δτone-way . Equation set 2 can
then be written as

Δτone-way ¼ qðph ÞΔz;
Δhone-way ¼ −∇ph τone-way ðph Þ;
Δtone-way ¼ Δτone-way þ ph · Δhone-way :

(3)

For example, Hake (1986), Chapman (2004), and Stovas and Fomel
(2012) apply equation 3 in a scalar form for azimuthally isotropic
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layered media. The vertical slowness qðph Þ may be written as a
sixth-order polynomial equation using the Christoffel equation
(see Appendix A), where the six roots correspond to three upgoing
and three downgoing wave modes. The vertical slowness values for
upgoing and downgoing waves of the same type do not necessarily
have opposite signs, but their corresponding vertical components of
the ray velocities do. The explicit expressions for the coefficients of
the six-order polynomial equation are given in Appendix B. Equations 1 and 2 are valid for the whole range of horizontal slowness
(whose upper limit corresponds to vanishing vertical slowness for a
given wave type). However, our goal is to approximate the local
kinematic components (or ray velocity components) by a Taylor
series for a small magnitude of horizontal-slowness vector, with
a leading error term of order six. The vertical slowness qðp1 ; p2 Þ
may be expanded into the series in the proximity of the normal
incidence:

q ¼ q o þ q 1 · ph þ
þ Oðp6h Þ:

q2 · p2h q3 · p3h q4 · p4h q5 · p5h
þ
þ
þ
2
6
24
120
(4)

The kinematic components become

Δhone-way
q · p2 q · p 3 q · p4
¼ −q1 − q2 · ph − 3 h − 4 h − 5 h þ Oðp5h Þ;
Δz
2
6
24
Δtone-way
q2 · p2h q3 · p3h q4 · p4h q5 · p5h
¼ qo −
−
−
−
þ Oðp6h Þ;
Δz
2
3
8
30
(5)
where the normal-incidence slowness qo is related to the local oneway normal-incidence time Δtone-way
, qo ¼ Δtone-way
∕Δz, and qn
o
o
are symmetric tensors of the n-th derivative of the vertical slowness
with respect to the horizontal slowness components for the normalincidence ray. The tensor derivatives, together with the symbolic
scalar product qn · pnh , are given by



∂q 
q1 ¼ fq;i g ¼
; q1 · ph ¼ q;i pi ; i ¼ 1;2;
∂pi ph ¼0
 2 

∂ q 
q2 ¼ fq;ij g ¼
; q2 · p2h ¼ q;ij pi pj ; i;j ¼ 1;2;
∂pi ∂pj ph ¼0



∂3 q 
q3 ¼ fq;ijk g ¼
;
∂pi ∂pj ∂pk ph ¼0


q3 · p3h ¼ q;ijk pi pj pk ; i;j;k ¼ 1;2;




∂4 q

q4 ¼ fq;ijkl g ¼
;
∂pi ∂pj ∂pk ∂pl ph ¼0

derivative q2 has three distinct components fq;11 ; q;12 ; q;22 g, and the
symmetric tensor of the fourth derivatives q4 has five distinct components fq;1111 ; q;1112 ; q;1122 ; q;1222 ; q;2222 g. The near normalincidence symmetric tensor derivatives for triclinic media are given
in Appendix C. They depend on the tensor derivatives of the coefficients of the polynomial equation. We emphasize that the traveltime expression in equation 5 does not contain the linear term
q1 · ph . This is because the linear terms in the series expansions
of qðph Þ and ph · ∇ph qðph Þ are equal and cancel each other out
in equation 2.

PART 1: PURE-MODE WAVES
In this part, we consider pure-mode waves that have symmetric
moveouts.

Slowness-azimuth two-way local kinematic components
Considering a two-way path for pure-mode waves, the slowness
surface and its derivatives are the same for the incidence and reflected rays. Further considering that both rays emerge from a subsurface reflection point, we define

pre
h ¼ ph ;

pin
h ¼ −ph ;

(7)

where superscripts “in” and “re” are related to the incidence and
reflection rays, accordingly. Thus, the slowness azimuths of the incidence and reflection rays differ by π. Note that equation 7 is valid
not only for pure-mode waves but also for converted waves;
however, for converted waves, the normal-incidence verticalslowness qo and the derivative tensors of the vertical slowness
q1 ; q2 ; : : : ; q5 are different for the two different wave types (incident and reflected). For pure-mode waves,

Δhre
q · p2 q · p3 q · p4
¼ −q1 − q2 · ph − 3 h − 4 h − 5 h þ Oðp5h Þ;
Δz
2
6
24
3
in
2
Δh
q ·p
q · p q · p4
¼ −q1 þ q2 · ph − 3 h þ 4 h − 5 h þ Oðp5h Þ;
Δz
2
6
24
Δtre
q2 · p2h q3 · p3h q4 · p4h q5 · p5h
¼ qo −
−
−
−
þ Oðp6h Þ;
Δz
2
3
8
30
Δtin
q · p2 q · p3 q · p4 q · p5
¼ qo − 2 h þ 3 h − 4 h þ 5 h þ Oðp6h Þ: (8)
Δz
2
3
8
30
To obtain the local two-way offset Δh, we subtract the local incident
and reflected offset vectors (because both rays emerge from the reflection point). To obtain the two-way local traveltime Δt, the local
incident and reflected traveltimes are added. This leads to an odd
series for local two-way offsets and an even series for local two-way
traveltimes (for pure-mode waves only),

q4 · p4h ¼ q;ijkl pi pj pk pl ; i;j;k;l ¼ 1;2;




∂5 q

q5 ¼ fq;ijklm g ¼
;
∂pi ∂pj ∂pk ∂pl ∂pm ph ¼0
q5 · p5h ¼ q;ijklm pi pj pk pl pm ; i;j;k;l;m ¼ 1;2:
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(6)

The number of distinct parameters for each symmetric tensor
derivative exceeds its order by one. For example, the second tensor

Δh Δhre − Δhin
q · p3
¼
¼ −2q2 · ph − 4 h þ Oðp5h Þ;
Δz
Δz
3
Δt Δtin þ Δtre
q
· p4
¼
¼ 2qo − q2 · p2h − 4 h þ Oðp6h Þ:
Δz
Δz
4

(9)
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As we see in equation 8, the fifth-order derivative tensor q5 is
required only for converted waves. For two-way pure-mode waves,
q5 is canceled, along with the other odd derivatives q1 and q3
(equation 9).

Δh · ph
¼ Δh1 cos ψ slw þ Δh2 sin ψ slw ;
ph
Δh × ph · z^
ΔhT ðψ slw ; ph Þ ¼ −
ph

ΔhR ðψ slw ; ph Þ ¼

¼ −Δh1 sin ψ slw þ Δh2 cos ψ slw ;

Slowness-azimuth two-way global kinematic
components
As mentioned, because ph is constant along the raypath (for all
layers), the two-way global kinematic components can be obtained
by a straightforward summation of the local kinematic components
of the overburden layers

hðph Þ ¼ −2

n
X

Δzi q2;i · ph −

i¼1
n
X

tðph Þ ¼ to −

i¼1

1
3

Δzi q2;i · p2h −

n
X

Δzi q4;i · p3h þ Oðp5h Þ;

i¼1
n
X

1
4

i¼1

Δzi q4;i · p4h þ Oðp6h Þ;

(14)

where z^ is a vertical unit vector. Hence, the series expansion of the
near normal-incidence local kinematic components in the slownessazimuth domain, can be explicitly written as

1
Δhðψ slw ;ph Þ ¼ −2q2 · aslw Δzph − q4 · a3slw Δzp3h þ Oðp5h Þ;
3
1
Δtðψ slw ;ph Þ ¼ Δto − q2 · aslw Δzp2h − q4 · a4slw Δzp4h þ Oðp6h Þ:
4
(15)

(10)

Similarly, the near normal-incidence global kinematic components
in the slowness-azimuth domain can be written as

where index i is the running number of a layer in the summation.
Next, we introduce two global tensors representing the weighted
stacks over the corresponding local tensors, where the weights
are the layer thicknesses:

1
hðψ slw ; ph Þ ¼ −2Q2 · aslw ph − Q4 · a3slw p3h þ Oðp5h Þ;
3
1
2
tðψ slw ; ph Þ ¼ to − Q2 · aslw ph − Q4 · a4slw p4h þ Oðp6h Þ: (16)
4

Q2 ¼

n
X
i¼1

q2;i Δzi ;

Q4 ¼

n
X
i¼1

q4;i Δzi :

(11)

For continuous vertically varying medium properties with possible discontinuities at the interfaces between the layers, the sums
can be replaced by integrals. The global offset and traveltime
become

1
hðph Þ ¼ −2Q2 · ph − Q4 · p3h þ Oðp5h Þ;
3
1
tðph Þ ¼ to − Q2 · p2h − Q4 · p4h þ Oðp6h Þ;
4
n
X
qo;i Δzi ;
to ¼ 2

(12)

where to is the global two-way normal-incidence time (which is also
the zero-offset time for pure-mode waves). The normal-incidence
two-way traveltime, corresponding to a vanishing horizontal slowness, is an extreme value (minimum for positive-definite matrix
−Q2 , which is typically the case). We will later show (equation 71)
that this property holds not only for a symmetric moveout, but for an
asymmetric moveout as well.
The invariant horizontal-slowness vector may also be presented
in a polar coordinate system by its magnitude ph and azimuth ψ slw

aslw ¼ fcos ψ slw ; sin ψ slw g:

1
3
tðψ slw; ph Þ ¼ to þ V 22 ðψ slw Þto p2h þ V 44 ðψ slw Þto p4h þ Oðp6h Þ:
2
8
(17)
We obtain the global slowness-azimuth domain second- and fourthorder NMO velocities V 2 and V 4 , as

V 22 ðψ slw Þ ¼ −

i¼1

ph ¼ aslw ph ;

Taking into account that the second- and fourth-order NMO velocities in the slowness-azimuth domain are defined by

(13)

The local-offset vector in the rotated system, Δh ¼ fΔhR ; ΔhT g,
contains the local radial offset ΔhR (collinear with the direction
of the slowness-azimuth) and the local transverse offset ΔhT
(perpendicular to the radial component of the offset vector) (see
Figure 1),

2
Q · a2 ;
to 2 slw

V 44 ðψ slw Þ ¼ −

2
Q · a4 :
3to 4 slw
(18)

Similarly, the local slowness-azimuth domain second- and fourthorder NMO velocities v2 and v4 in the slowness-azimuth domain
are written as

v22 ðψ slw Þ ¼ −

q2 · a2slw
;
qo

v44 ðψ slw Þ ¼ −

1 q4 · a4slw
;
3 qo

Δto ¼ 2qo Δz;

(19)

where Δto is the local two-way normal-incidence time and qo is the
slowness of the normal-incidence ray for the given wave type.

Traveltime series in the offset-azimuth domain
To obtain the traveltime series approximation with respect to the
offset components, we start with equation 12, where the offset vector and traveltime are the series expansions in the horizontalslowness vector of small magnitude: h ¼ hðph Þ; t ¼ tðph Þ. We
invert the first equation of this series from “offset versus horizontal
slowness” to “horizontal slowness versus offset”, hðph Þ → ph ðhÞ.

NMO for layered triclinic media
When the moveout is symmetric, hðph Þ and ph ðhÞ are odd functions. The inversion is sought in the form
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ph ¼ H2 · h þ H4 · h3 þ Oðh5 Þ;

(20)

where H2 and H4 are the unknown symmetric second- and fourthorder tensors of dimension two. We substitute the trial form, equation 20, into the first equation of set 12

h ¼ −2Q2 · ðH2 · h þ H4 · h3 Þ
1
− Q4 · ðH2 · h þ H4 · h3 Þ3 þ Oðp5h Þ:
3

(21)

We expand the series and ignore the high-order terms. This leads to

h ¼ −2Q2 · H2 · h − 2Q2 · H4 · h3
1
− Q4 · ðH2 · hÞ3 þ Oðp5h Þ:
3

(22)

Balancing the terms with identical offset powers, we conclude that
for any offset

1
H2 · h ¼ − Q−1
· h;
2 2
1
3
H4 · h3 ¼ Q−1
· Q4 · ðQ−1
2 · hÞ :
48 2

(23)

The inverted horizontal-slowness series becomes

1
1 −1
3
5
Q · Q4 · ðQ−1
ph ¼ − Q−1
2 ·hþ
2 · hÞ þ Oðh Þ: (24)
2
48 2
We introduce this result into the second equation of set 12 (series for
traveltime versus the slowness),


2
1
1 −1
−1
3
Q
tðhÞ − to ¼ −Q2 · − Q−1
·
h
þ
Q
·
ðQ
·
hÞ
2
2 2
48 2 4

4
1
1 −1
1 −1
−1
3
− Q4 · − Q2 · h þ Q2 Q4 · ðQ2 · hÞ
þ Oðp6h Þ:
4
2
48
(25)
We expand the series ignoring the high-order terms. The result is

1
1
2
4
6
Q · ðQ−1
tðhÞ − to ¼ − Q−1
2 ·h þ
2 · hÞ þ Oðh Þ: (26)
4
192 4
Offset-azimuth domain fourth-order NMO velocity
Consider the moveout series approximation for a ray pair with a
small deviation from the normal incidence, in azimuthally isotropic
media, with offset h as the small parameter,

t2 ðhÞ ¼ t2o þ

h2 A4 h4
þ
þ Oðh6 Þ:
V 22 V 42 t2o

(27)

This approximation for the traveltime squared is equivalent to the
following approximation for the traveltime itself:

WA125

tðhÞ − to ¼

h2
1 − 4A4 4
−
h þ Oðh6 Þ:
2
2V 2 to
8V 42 t3o

(28)

The second- and fourth-order NMO velocities and the quartic coefficient A4 are related by

V 44 ¼ V 42 ð1 − 4A4 Þ:

(29)

To our knowledge, the concept of the fourth-order NMO velocity
was first introduced for layered azimuthally isotropic (VTI) media
by Gerea et al. (2000), where V 2 and V 4 were related to the quartic
coefficient A4 using equation 29. We keep the same relationship for
azimuthally anisotropic layered media. The traveltime approximation becomes

tðψ off ; hÞ − to ¼

h2
2V 22 ðψ off Þto

−

V 44 ðψ off Þ 4
h þ Oðh6 Þ:
8V 82 ðψ off Þt3o
(30)

Comparing this result with equation 26, we obtain

V 22 ¼ −

2
h2
· −1 2 ;
to Q 2 · h

V 44 ¼ −

4
2h4 Q4 · ðQ−1
2 · hÞ
·
:
−1
2
4
3to
ðQ2 · h Þ

(31)

As in the case of the slowness-azimuth domain, the offset vector h
may be presented as

h ¼ fh1 ; h2 g ¼ aoff h;

a ¼ fcos ψ off ; sin ψ off g;

(32)

where h is the offset magnitude, ψ off is the offset azimuth, and aoff
is the unit vector in the direction of the offset azimuth. Combining
equations 31 and 32, we obtain the global second- and fourth-order
NMO velocities, V 22 ðψ off Þ and V 44 ðψ off Þ, in the following final form:

V 22 ðψ off Þ ¼ −

2
1
;
2
to Q−1
2 · aoff

V 44 ðψ off Þ ¼ −

4
2 Q4 · ðQ−1
2 · aoff Þ
:
2 4
3to ðQ−1
2 · aoff Þ

(33)

Note that unlike the slowness-azimuth domain fourth-order NMO
velocity function, which depends only on Q4 (equation 18), the offset-azimuth fourth-order NMO velocity is a function of Q2 and Q4
(equation 33). In other words, it depends on second- and fourthorder effective parameters.

Relationships between the azimuths
The relationships between the slowness azimuth and the offset
azimuth are given by

ðQ2 · aslw Þ × ðQ4 · a3slw Þ × ðQ2 · aslw Þ 2
Q2 · aslw
−
aoff ¼ − pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ph
6ðQ22 · a2slw Þ3∕2
Q22 · a2slw
þ Oðp4h Þ;

(34)

Koren and Ravve
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Q−1
2 · aoff
aslw ¼ − pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
Q−2
2 · aoff
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þ

−1
−1
3
−1
ðQ−1
2 · aoff Þ × ½Q2 · Q4 · ðQ2 · aoff Þ  × ðQ2 · aoff Þ
2 5∕2
6ðQ−2
2 · aoff Þ

· p2h þ Oðp4h Þ:

(35)

To derive these relationships, we compute the square root of the
scalar product for the offset vector with itself using the offset vector
series versus the slowness vector (equation 12). This provides the
series for the offset magnitude versus horizontal slowness. Next, we
divide the offset vector series by the offset magnitude series, leading
to the offset azimuth vector versus slowness magnitude and azimuth, as in equation 34. In a similar way, we apply equation 24
to obtain the inverse relationship for the slowness azimuth versus
offset magnitude and azimuth. The latter can then be converted into
the series of slowness magnitude and offset azimuth, as in equation 35. We skip the proof because it is too lengthy for this paper.

Local and global effective parameters
Equation 15 yields local kinematic components: the radial and
transverse offset components and traveltime

The inverse relations are given by

u2 þ w2x
u − w2x
; q;22 ¼ − 2
;
2Δz
2Δz
w2y
u þ w42x þ w44x
q;12 ¼ −
; q;1111 ¼ −3 4
;
2Δz
Δz
u − w42x þ w44x
u − 3w44x
; q;1122 ¼ − 4
;
q;2222 ¼ 3 4
Δz
Δz
3 w42y þ 2w44y
3 w42y − 2w44y
; q;1222 ¼ −
: (39)
q;1112 ¼ −
2
2
Δz
Δz
q;11 ¼ −

Equation 16 yields the global kinematic components:

ΔhR ¼ ðu2 þw2x cos 2ψ slw þw2y sin 2ψ slw Þph
þðu4 þw42x cos 2ψ slw þw42y sin 2ψ slw

hR ðψ slw ;ph Þ ¼ ðU2 þ W 2x cos 2ψ slw þ W 2y sin 2ψ slw Þph

þw44x cos 4ψ slw þw44y sin 4ψ slw Þp3h þOðp5h Þ;

þ ðU 4 þ W 42x cos 2ψ slw þ W 42y sin 2ψ slw

ΔhT ¼ −ðw2x sin 2ψ slw ph −w2y cos 2ψ slw Þph

1
1
− w42x sin 2ψ slw − w42y cos 2ψ slw
2
2

þ W 44x cos 4ψ slw þ W 44y sin 4ψ slw Þp3h þ Oðp5h Þ;
hT ðψ slw ;ph Þ ¼ −ðW 2x sin 2ψ slw − W 2y cos 2ψ slw Þph

1
1
− W 42x sin 2ψ slw − W 42y cos 2ψ slw
2
2

þw44x sin 4ψ slw −w44y cos 4ψ slw p3h þOðp5h Þ;
1
Δt−Δto ¼ ðu2 þw2x cos 2ψ slw þw2y sin 2ψ slw Þp2h
2
3
þ ðu4 þw42x cos 2ψ slw þw42y sin 2ψ slw
4
þw44x cos 4ψ slw þw44y sin 4ψ slw Þp4h þOðp6h Þ; (36)
where fu2 ; w2x ; w2y g are the second-order and fu4 ; w42x ; w42y ;
w44x ; w44y g are the fourth-order local effective parameters. The local
second- and fourth-order NMO velocities in the slowness-azimuth
domain (equation set 19) can be explicitly written as

v22 ðψ slw ÞΔto ¼ u2 þ w2x cos 2ψ slw þ w2y sin 2ψ slw ;

þ W 44x sin 4ψ slw − W 44y cos 4ψ slw Þp3h þ Oðp5h Þ;
1
tðψ slw ;ph Þ ¼ to þ ðU2 þ W 2x cos 2ψ slw þ W 2y sin 2ψ slw Þp2h
2
3
þ ðU4 þ W 42x cos 2ψ slw þ W 42y sin 2ψ slw
4
þ W 44x cos 4ψ slw þ W 44y sin 4ψ slw Þp4h þ Oðp6h Þ:
(40)
The global slowness-azimuth domain, second- and fourth-order
NMO velocities (equation set 33) are similarly written in the form
of

V 22 ðψ slw Þto ¼ U2 þ W 2x cos 2ψ slw þ W 2y sin 2ψ slw ;

v44 ðψ slw ÞΔto ¼ 2ðu4 þ w42x cos 2ψ slw þ w42y sin 2ψ slw
þ w44x cos 4ψ slw þ w44y sin 4ψ slw Þ:

u2
w2x
¼ −ðq;11 þ q;22 Þ;
¼ −ðq;11 − q;22 Þ;
Δz
Δz
w2y
q
þ 2q;1122 þ q;2222
u4
¼ −2q;12 ;
¼ − ;1111
;
Δz
Δz
8
w42y
q
− q;2222
q
þ q;1222
w42x
¼ − ;1111
;
¼ − ;1112
;
Δz
6
Δz
3
q
− 6q;1122 þ q;2222
w44x
¼ − ;1111
;
Δz
24
w44y
q
− q;1222
¼ − ;1112
:
(38)
Δz
6

V 44 ðψ slw Þto ¼ 2ðU4 þ W 42x cos 2ψ slw þ W 42y sin 2ψ slw
(37)

The local effective parameters are linearly related to the second- and
fourth-order derivatives of the vertical slowness

þ W 44x cos 4ψ slw þ W 44y sin 4ψ slw Þ;

(41)

where the global effective parameters can be obtained by a straightforward Dix-type summation over the local effective parameters:

NMO for layered triclinic media

U 2;n ¼
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U 4;n ¼
W 44x;n ¼

n
X
i¼1
n
X
i¼1
n
X
i¼1

u2;i ; W 2x;n ¼

n
X

u4;i ; W 42x;n ¼

w2x;i ; W 2y;n ¼

i¼1
n
X
i¼1

w44x;i ; W 44y;n ¼

n
X
i¼1

w42x;i ; W 42y;n ¼

n
X
i¼1

w2y;i ;

n
X
i¼1

w42y;i ;

w44y;i :

them from seismic data. The alternative eight parameters are numerated with closed brackets [1], [2], : : : [8].
Second-order effective parameters
For the second-order coefficients, we propose the following three
alternative effective parameters:

(42)

U2
;
to
W
½2 E2 ¼ 2 ;
U2

½1 V̄ 22 ¼

Subtracting the eight global effective parameters for the top and bottom horizons of a layer, we obtain the local effective parameters of
that layer. This operation may be termed the generalized Dix inversion:

u2;i ¼ U2;i − U 2;i−1 ;

w2x;i ¼ W 2x;i − W 2x;i−1 ;

w2y;i ¼ W 2y;i − W 2y;i−1 ;

u4;i ¼ U4;i − U4;i−1 ;

w42x;i ¼ W 42x;i − W 42x;i−1 ;

w42y;i ¼ W 42y;i − W 42y;i−1 ;

w44x;i ¼ W 44x;i − W 44x;i−1 ;

w44y;i ¼ W 44y;i − W 44y;i−1 :

½3 Ψ2;H ;


W 2y
;
U2 − W 2x

V 22;L

We emphasize that tensor Q4 is symmetric; it contains only five
distinct components.
As mentioned, the method is also valid for converted waves for
layered monoclinic media, if all layers share a horizontal symmetry
plane. In this case, we compute the local effective parameters twice:
first for the incidence wave and then for the reflection wave. The
global effective parameters become an average of the two wave
modes, leading to
re
Qin
4 þ Q4
:
2

W 2y
;
W2
(47)

U2 þ W 2
¼ V̄ 22 ð1 þ E2 Þ;
to
U − W2
¼ 2
¼ V̄ 22 ð1 − E2 Þ:
to

(46)

V 22 ðψ slw Þ ¼ V 22;H cos2 ðψ slw − Ψ2;H Þ þ V 22;L sin2 ðψ slw − Ψ2;H Þ;
¼ V̄ 22 ½1 þ E2 cos 2ðψ slw − Ψ2;H Þ;

(49)

and the global second-order NMO velocity function in the offsetazimuth domain is given by (Grechka and Tsvankin, 1998, 1999)

1
V 22 ðψ off Þ

¼

sin2 ðψ off − Ψ2;H Þ cos2 ðψ off − Ψ2;H Þ
þ
; (50)
V 22;L
V 22;H

which typically represents an ellipse.
Fourth-order effective parameters
For the five fourth-order effective parameters, we propose the following alternative set. The azimuthally isotropic fourth-order NMO
velocity is defined by:

Normalized parameterization
The eight local and global effective parameters can be respectively classified into two parameter subsets: azimuthally isotropic,
fu2 ; u4 g and fU 2 ; U 4 g, and azimuthally anisotropic, fw2x ; w2y ;
w42x ; w42y ; w44x ; w44y g and fW 2x ; W 2y ; W 42x ; W 42y ; W 44x ; W 44y g.
This set of parameters is attractive for computation of forward
and inverse generalized Dix-type transforms. In this section, we
propose an additional set of normalized parameters, dependent
on the above parameters, which provides more intuitive and convenient interpretation values, preferable when trying to estimate

(48)

With this set of parameters, the global second-order NMO velocity
function in the slowness-azimuth domain, is given by

(45)

Q4 ¼

sin 2Ψ2;H ¼

The parameter V̄ 2 is the azimuthally isotropic second-order NMO
velocity, E2 is the effective elliptic parameter, and Ψ2;H ; Ψ2;L are the
azimuths of the high and low second-order NMO velocities, respectively. Hence, the high and low NMO velocities in the directions of
Ψ2;H and perpendicular to it, respectively, are given by

(44)

2
 
 3
6ðU4 þW 42x þW 44x Þ 3ðW 42y þ2W 44y Þ
3ðW 42y þ2W 44y Þ 2ðU 4 −3W 44x Þ
7
3ðW
2ðU
þ2W
Þ
2ðU
−3W
Þ
−3W
Þ
3ðW
−2W
Þ
16
6
42y
44y
4
44x  
4
44x
42y
44y
7
Q4 ¼− 6 
7:
2ðU 4 −3W 44x Þ 3ðW 42y −2W 44y Þ 5
2 4 3ðW 42y þ2W 44y Þ 2ðU 4 −3W 44x Þ
2ðU 4 −3W 44x Þ 3ðW 42y −2W 44y Þ
3ðW 42y −2W 44y Þ 6ðU 4 −W 42x þW 44x Þ

re
Qin
2 þ Q2
;
2

W 2x
;
W2

V 22;H ¼

and

Q2 ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
W 22x þ W 22y ;

where; cos 2Ψ2;H ¼

It follows from equations 18 and 41 that


1 U2 þ W 2x
W 2y
2

where; W 2 ¼

Ψ2;L ¼ Ψ2;H þ π∕2:

(43)

Q2 ¼ −
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V̄ 44 ¼

2U 4
;
to

(51)

and leads to the normalized azimuthally isotropic effective
anellipticity

½4 η̄eff ¼

V̄ 44 − V̄ 42 2U4 to − U22
1 þ 8η̄eff 2
¼
; U4 ¼
U 2 : (52)
4
2
2to
8V̄ 2
8U 2

For the azimuths of the high and low second-order NMO
velocities Ψ2;H and Ψ2;L ¼ Ψ2;H þ π∕2, the relationships for the

Koren and Ravve
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fourth-order NMO velocities can be simplified and become domainindependent
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V 44;L


W 2x W 42x þ W 2y W 42y
2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
U4 −
to
W2 þ W2
2x

þ
V 44;H

V 44 ðψ slw Þ ¼ V̄ 44 þ

ðW 22x

−

þ

2y

ðW 22x − W 22y ÞW 44x þ 2W 2x W 2y W 44y
W 22x þ W 22y

V 44;H − V 42;H
;
8V 42;H

ηeff;L ¼

1 þ 8η̄eff
tan 2ΔΨ42 sin 2ðψ slw − Ψ2;H Þ
4
E − E4;L cos 2ðψ slw − Ψ42 Þ
þ 4;H
cos 2ΔΨ42
2
E þ E4;L cos 4ðψ slw − Ψ44 Þ
þ 4;H
:
(59)
cos 4ΔΨ44
2

ηeff ðψ slw Þ ¼ η̄eff þ E2

:

(53)

We note that the fourth-order NMO velocities V 4;H and V 4;L corresponding to the azimuths of the high and low second-order NMO
velocities (i.e., to the axes of the NMO ellipse in the offset-azimuth
domain) are identical in slowness- and offset-azimuth domains. The
corresponding azimuthally anisotropic effective anellipticities are
then given by

ηeff;H ¼

(58)

and the corresponding effective anellipticity for small E2 may be
approximated by


W 2x W 42x þ W 2y W 42y
2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
U4 þ
to
W2 þ W2
þ

V 44;H − 2V̄ 44 þ V 44;L cos 4ðψ slw − Ψ44 Þ
;
cos 4ΔΨ44
2

2y


W 22y ÞW 44x þ 2W 2x W 2y W 44y
;
W 22x þ W 22y

2x

V 44;H − V 44;L cos 2ðψ slw − Ψ42 Þ
cos 2ΔΨ42
2

V 44;L − V 42;L
:
8V 42;L

(54)

Next, we introduce the high- and low-residual anellipticities

½5 E4;H ¼ ηeff;H − η̄eff ;
½6 E4;L ¼ ηeff;L − η̄eff ;

(55)

where “high” and “low” mean that they are related to the azimuths
of the high and low second-order NMO velocities. The last two effective parameters are the additional azimuths related to 2ψ and 4ψ,

W 42y
W 42x
; sin 2Ψ42 ¼
;
W 42
W 42
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
W
W 42 ¼  W 242x þ W 242y ; cos 4Ψ44 ¼ 44x ;
W 44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
W 44y
sin 4Ψ44 ¼
; W 44 ¼  W 244x þ W 244y :
W 44
cos 2Ψ42 ¼

(56)

The signs of W 42 and W 44 are chosen in such a way that fourthorder azimuths Ψ42 and Ψ44 are the closest to the second-order azimuth Ψ2;H (in particular, for a single orthorhombic layer, Ψ42 ¼
Ψ44 ¼ Ψ2;H ). Thus, it is convenient to define the last two effective
azimuth parameters as

The global fourth-order NMO velocity in the offset-azimuth domain
is more complicated. With the use of the second equation of set 33,
it can be presented as

V 44 ðψ off Þ ¼ K 2 ðψ off ÞK 4 ðψ off Þ;

where the factor K 2 ðψ off Þ includes only second-order global effective parameters and the kernel K 4 ðψ off Þ includes second- and
fourth-order effective parameters (see Appendix D).
To obtain the inverse relationships (from the normalized effective
parameters to the standard effective parameters), we introduce equations 48, 56, and 57 into equation 53, and this leads to

(57)

With this set of fourth-order parameters, the global fourth-order
NMO velocity function in the slowness-azimuth domain is given by

V 44;H to
;
2
V 4 to
¼ 4;L :
2

U 4 þ W 42 cos 2ΔΨ42 þ W 44 cos 4ΔΨ44 ¼
U4 − W 42 cos 2ΔΨ42 þ W 44 cos 4ΔΨ44

(61)

The solution reads,

W 42 ¼

V 44;H − V 44;L
t ;
4 cos 2ΔΨ42 o

W 44 ¼

ðV 44;L þ V 44;H Þto − 4U4 V 44;L − 2V̄ 44 þ V 44;H
¼
to ; (62)
4 cos 4ΔΨ44
4 cos 4ΔΨ44

and equation 53 is then applied to find W 42x ; W 42y ; W 44x ; W 44y .
Note that in the case of a single orthorhombic layer, due to vertical
symmetry planes, there are no additional azimuths, and the cosines
in the denominators of equation 62 are equal to unity. For a single
orthorhombic layer, equations 61 and 62 simplify to

u4 − w42 þ w44 ¼

½7 ΔΨ42 ¼ Ψ42 − Ψ2;H ;
½8 ΔΨ44 ¼ Ψ44 − Ψ2;H :

(60)

v44;L Δto
v4 Δto
; u4 þ w42 þ w44 ¼ 4;H
; (63)
2
2

v44;H − v44;L
Δto ;
4
v4 þ v44;H
v4 − 2v̄44 þ v44;H
Δto − u4 ¼ 4;L
Δto ;
¼ 4;L
4
4

w42 ¼
w44

(64)
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provided the coordinate frame is aligned with the planes of
symmetry.
We emphasize that V 2;H and V 2;L are the highest and lowest second-order NMO velocities, whereas this is not true for V 4;H and
V 4;L , which are simply the fourth-order NMO velocities in the directions Ψ2;H and Ψ2;L , respectively. Moreover, it is not necessarily
true that V 4;H > V 4;L , and V 4;H and V 4;L are not the extreme values
of function V 4 ðψÞ.
Overall, the strength of the anisotropy of the effective model is
governed by four effective parameters, η̄eff ; E2 ; E4;H ; E4;L , and the
nonhyperbolic traveltime is affected by all of them. The azimuthal
variation of the traveltime is governed by the second-order elliptic
parameter E2, the residual effective anellipticities E4;L and E4;H , the
effective azimuth Ψ2;H , and two effective residual azimuths ΔΨ42
and ΔΨ44 .
The feasible range of the normalized effective parameters can be
roughly estimated. The elliptic parameter E2 that involves the low
and high second-order NMO velocities and the azimuthally isotropic NMO velocity (equation 48) is positive by definition, and
we assume its values are within the range of 0 ≤ E2 ≤ 0.5, where
the lower and
pﬃﬃﬃ upper limits correspond to V 2;H ¼ V 2;L and
V 2;H ∕V 2;L ¼ 3, respectively. The effective azimuthally isotropic
anellipticity may be in the range of −0.2 ≤ η̄eff ≤ 0.6, where the
negative values are less likely (due to induced anellipticity caused
by depth-varying velocity). The low and high residual anellipticities
have no induced component because they are defined as residual
(difference) values in equation 55. Therefore, negative and positive
values are equally possible, and their range should be symmetric.
We assume jE4;L;H j ≤ 0.4, but for typical subsurface formations, the
range should be smaller. The effective azimuth Ψ2;H appears in all
relationships with a multiplier of ω2 ¼ 2, and therefore its range is
0 ≤ Ψ2;H < π. The effective residual azimuths ΔΨ42 and ΔΨ44 appear with multipliers of ω42 ¼ 2 and ω44 ¼ 4; in addition, we
choose the signs of W 42 and W 44 to minimize the absolute values
of the residual azimuths. From this, we conclude that the residual
azimuths may be of any sign, and the range of their absolute values
is jΔΨ42 j < π∕4 ¼ 45° and jΔΨ44 j < π∕8 ¼ 22.5° .
In Appendix E, we show that for weak azimuthal anisotropy, the
second- and fourth-order NMO velocity functions in the offset-azimuth domain reduce to simpler expressions in the slowness-azimuth
domain.

PART 2: CONVERTED WAVES
In this part, we consider converted waves, for which the moveout
is no longer symmetric.

Slowness-azimuth two-way local kinematic components
The one-way kinematic components (horizontal-offset components and traveltime) are based on the slowness surface q (equation 4). For near normal-incidence directions, the slowness
surface q may be approximated by a series in a short horizontalslowness vector ph. Recall that the incidence and reflection rays
are assumed to emerge from the reflection point, and equation 7
holds for pure-mode and converted waves. However, the slowness
surfaces are different for the two wave modes (e.g., P and S), and the
one-way kinematic components in equation 5 become

WA129

2
Δhin
qin
qin · p3 qin · p4
3 · ph
in
¼ −qin
þ 4 h − 5 h þ Oðp5h Þ;
1 þ q2 · ph −
Δz
2
6
24
in
in · p2
in · p3
in · p4
q
·
p5
Δtin
q
q
q
2
h
¼ qin
þ 3 h − 4 h þ 5 h þ Oðp6h Þ;
o −
Δz
2
3
8
30
re
4
re
2
re
3
q
Δhre
q
·
p
q
·
p
4
5 · ph
h
h
re · p − 3
¼ −qre
−
−
þ Oðp5h Þ;
−
q
h
1
2
Δz
2
6
24
2
Δtre
qre
qre · p3 qre · p4 qre · p5
2 · ph
¼ qre
− 3 h − 4 h − 5 h þ Oðp6h Þ:
o −
Δz
2
3
8
30
(65)

Superscripts in and re are related to the incidence and reflection
waves, respectively. For the rays emerging from the reflection point,
the local two-way kinematic components read

Δh ¼ Δhre − Δhin ;

Δt ¼ Δtin þ Δtre :

(66)

Combining equations 65 and 66, we obtain

Δh
1 re
in
re
in
in
2
¼ −ðqre
1 − q1 Þ − ðq2 þ q2 Þ · ph − ðq3 − q3 Þ · ph
Δz
2
1
1 re
3
5
4
ðq − qin
− ðqre
þ qin
4 Þ · ph −
5 Þ · ph þ Oðph Þ;
6 4
24 5
Δt
1 re
1 re
3
in
in
2
in
¼ qre
o þ qo − ðq2 þ q2 Þ · ph − ðq3 − q3 Þ · ph
Δz
2
2
1
1 re
5
6
4
ðq − qin
− ðqre
þ qin
4 Þ · ph −
5 Þph þ Oðph Þ: (67)
8 4
30 5
As we see from equation 67, the even-order derivatives of the vertical slowness are added, whereas the odd-order derivatives are subtracted. Therefore, for pure-mode waves, only even-order
derivatives remain. Introducing the following notations:
in
re
in
Δqk ¼ qre
k − qk ; Σqk ¼ qk þ qk ;

(68)

the kinematic components simplify to

Δh
1
1
¼ −Δq1 − Σq2 · ph − Δq3 · p2h − Σq4 · p3h
Δz
2
6
1
− Δq5 · p4h þ Oðp5h Þ;
24
Δt
1
1
1
¼ Σqo − Σq2 · p2h − Δq3 · p3h − Σq4 · p4h
Δz
2
2
8
1
5
6
− Δq5 · ph þ Oðph Þ:
30

(69)

The parameter −Δq1 that appears in the first equation of set 69 is
the local nonzero normal-incidence offset (per unit thickness). It is
related to the ray-velocity components of the normal-incidence
ray pair.

Slowness-azimuth two-way global kinematic
components
For converted waves, the global tensor derivatives are obtained
by a weighted summation over the local tensor derivatives of the
individual layers in the following form:

Koren and Ravve
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Qj ¼

n
X
j in
½qre
j;k þ ð−1Þ qj;k Δzk ;

j ¼ 1; 2; : : : ; 5;

(70)

k¼1

hd ¼−Q2 · ðC2 · hd þC3 · h2d þC4 · h3d þC5 · h4d Þ
Q3
· ðC2 · hd þC3 · h2d þC4 · h3d þC5 · h4d Þ2
2
Q
− 4 · ðC2 · hd þC3 · h2d þC4 · h3d þC5 · h4d Þ3
6
Q5
− · ðC2 · hd þC3 · h2d þC4 · h3d þC5 · h4d Þ4 þOðh5d Þ;
24
¼−Q2 · C2 · hd −Q2 · C3 · h2d −Q2 · C4 · h3d
−

where k is the layer number, n is the total number of layers, j is the
order of the derivative tensor for the vertical slowness, and Δzk is
the layer thickness. The derivative tensors of the vertical slowness
for the incidence and reflection waves are subtracted for the odd
order derivatives and added for the even orders. Next, we add
the local kinematic components to obtain the corresponding global
components

1
1
h ¼ −Q1 − Q2 · ph − Q3 · p2h − Q4 · p3h
2
6
1
− Q5 · p4h þ Oðp5h Þ;
24
1
1
t ¼ to − Q2 · p2h − Q3 · p3h − Q4 · p4h
2
8
1
− Q5 · p5h þ Oðp6h Þ:
30

−Q2 · C5 · h4d −

Q3 · ðC2 · hd Þ2
2

Q3 · ðC3 · h2d Þ2
−Q3 · ðC2 · hd Þ · ðC3 · h2d Þ
2
Q · ðC2 · hd Þ3
−Q3 · ðC2 · hd Þ · ðC4 · h3d Þ− 4
6
Q4 · ðC2 · hd Þ2 · ðC3 · h2d Þ Q5 · ðC2 · hd Þ4
−
þOðh5d Þ: (75)
−
2
24
−

(71)

The offset series shows that vector ho ¼ −Q1 is the global
normal-incidence offset, nonzero for an asymmetric moveout.
The traveltime series does not include the linear term Q1 · ph ,
and consequently, the traveltime has an extremum for the normal
incidence ray pair (minimum for positive-definite matrix −Q2 ).
In this forward computation problem, all tensors Qj have known
components. They depend on the individual layer properties and
are scaled by their thickness.

We then balance the terms to obtain the unknown coefficients. The
results are vectors C2 · hd ; C3 · h2d ; C4 · h3d ; C5 · h4d , rather than tensors C2 ; C3 ; C4 ; C5 , where

C2 · hd ¼ −Q−1
2 · hd ;

C2 ¼ −Q−1
2 ;

1
C3 · h2d ¼ C2 · Q3 · ðC2 · hd Þ2 ;
2
C4 · h3d ¼ C2 · Q3 · ðC2 · hd Þ · ðC3 · h2d Þ þ

TRAVELTIME SERIES IN THE
OFFSET-AZIMUTH DOMAIN
The normal-incidence offset for mode conversions is not necessarily small; therefore, even for near-vertical rays (rays whose slowness vector is nearly vertical), the offset may not be small. However,
the difference h − ho between the nearly normal-incidence and the
normal-incidence rays may be considered small. We define a small
incremental offset as

hd ¼ h − ho ¼ h þ Q1 :

(72)

With this notation, the first equation of set 71 becomes

1
1
hd ¼ − Q2 · ph − Q3 · p2h − Q4 · p3h
2
6
1
4
5
− Q5 · ph þ Oðph Þ:
24

(73)

Representing the inverted series in a tensor form

ph ¼ C2 · hd þ C3 · h2d þ C4 · h3d þ C5 · h4d þ Oðh5d Þ;
(74)
we introduce the trial equation 74 into expansion 73:

(76.1)
(76.2)

C2 · Q4 · ðC2 · hd Þ3
;
6
(76.3)

C2 · Q3 · ðC3 · h2d Þ2
þ C2 · Q3 · ðC2 · hd Þ · ðC4 · h3d Þ
2
C · Q · ðC2 · hd Þ2 · ðC3 · h2d Þ C2 · Q5 · ðC2 · hd Þ4
þ
þ 2 4
:
2
24
(76.4)

C5 · h4d ¼

Next, we introduce the inverted horizontal slowness in equation 74
into the traveltime versus slowness series (second equation of set
71). This will lead to a direct series for traveltime versus offset (versus difference hd ¼ h − ho between the offset and normal-incidence
offset):

1
t ¼ to − Q2 · ðC2 hd þC3 · h2d þC4 · h3d þC5 · h4d Þ2
2
1
− Q3 · ðC2 hd þC3 · h2d þC4 · h3d þC5 · h4d Þ3
3
1
− Q4 · ðC2 hd þC3 · h2d þC4 · h3d þC5 · h4d Þ4
8
1
− Q5 · ðC2 hd þC3 · h2d þC4 · h3d þC5 · h4d Þ5 þOðh6d Þ:
30
(77)
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We ignore the high-order terms, and the above equation yields:

1
1
1
1
t ¼ to − D2 · h2d − D3 · h3d − D4 · h4d − D5 · h5d þ Oðh6d Þ;
2
3
8
30
(78)
where

D2 · h2d ¼ Q2 · ðC2 · hd Þ2 ;

(79.1)

D3 · h3d ¼ 3Q2 · ðC2 · hd Þ · ðC3 · h2d Þ þ Q3 · ðC2 · hd Þ3 ;
(79.2)
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1
;
D2 · a2d to
2
S3 ¼ − D3 · a3d V 32 t2o ;
3
ðD2 · a2d Þ2 − D4 · a4d to 4 2
S4 ¼
V 2 to ;
4
5ðD2 · a2d ÞðD3 · a3d Þ − D5 · a5d to 5 3
V 2 to :
S5 ¼
15

V 22 ¼ −

(84)

The V 2 in equation 84 has units of velocity, and the scalar parameters S3 ; S4 ; S5 are dimensionless. Taking into account the fifthorder term in the traveltime series, we achieve the same accuracy
for pure-mode and converted waves: In both cases, the leading error
term is of order six.

D4 · h4d ¼ 4Q2 · ðC3 · h2d Þ2 þ 8Q2 · ðC2 · hd Þ · ðC4 · h3d Þ
þ 8Q3 · ðC2 · hd Þ2 · ðC3 · h2d Þ þ Q4 · ðC2 · hd Þ4 ; (79.3)

The radial and transverse local-offset components are given in
equation 14. Combining it with equations 68 and 69, we obtain
these components for converted waves

D5 ·h5d ¼30Q2 ·ðC2 ·hd Þ·ðC5 ·h4d Þ
þ30Q2 ·ðC3 ·h2d Þ·ðC4 ·h3d Þ
þ30Q3 ·ðC2 ·hd Þ·ðC3 ·h2d Þ2 þ30Q3 ·ðC2 ·hd Þ2 ·ðC4 ·h3d Þ
þ15Q4 ·ðC2 ·hd Þ3 ·ðC3 ·h2d ÞþQ5 ·ðC2 ·hd Þ5 :

(79.4)

ad ¼ fcos ψ hd ; sin ψ hd g;

(80)

where ψ hd is the azimuth of the incremental offset vector. We replace hd by ad hd in equation sets 76 and 79. The traveltime in equation 78 becomes

t
1
1
¼1−
D · a2 h2 −
D · a3 h 3
to
2to 2 d d 3to 3 d d
1
1
−
D · a4 h 4 −
D · a5 h5 þ Oðh6d Þ; (81)
8to 4 d d 30to 5 d d
and the traveltime squared

t
1
2
¼ 1 − D2 · a2d h2d −
D · a3 h 3
to
3to 3 d d
t2o

þ

ðD2 · a2d Þ2 − D4 · a4d to 4
hd
4t2o
5ðD2 ·

a2d ÞðD3

· a3d Þ
15t2o

− D5 ·

a5d to

h5d þ Oðh6d Þ;

(82)

t2
h2d
S3 h3d S4 h4d S5 h5d
¼
1
þ
þ
þ
þ
þ Oðh6d Þ;
t2o
V 22 t2o V 32 t3o V 42 t4o V 52 t5o

(83)

or

where

þ ðu2 þ w2x cos 2ψ slw þ w2y sin 2ψ slw Þph
þ w33y sin 3ψ slw Þp2h þ ðu4 þ w42x cos 2ψ slw
þ w42y sin 2ψ slw þ w44x cos 4ψ slw þ w44y sin 4ψ slw Þp3h
þ ðw51x cos ψ slw þ w51y sin ψ slw þ w53x cos 3ψ slw
þ w53y sin 3ψ slw þ w55x cos 5ψ slw þ w55y sin 5ψ slw Þp4h
þ Oðp5h Þ;
ΔhT ¼ − ðw1x sin ψ slw − w1y cos ψ slw Þ
− ðw2x sin 2ψ slw ph − w2y cos 2ψ slw Þph

1
1
− w31x sin ψ slw − w31y cos ψ slw
3
3
þ w33x sin 3ψ slw − w33y cos 3ψ slw p2h

1
1
− w42x sin 2ψ slw − w42y cos 2ψ slw
2
2

2

þ

ΔhR ¼ ðw1x cos ψ slw þ w1y sin ψ slw Þ
þ ðw31x cos ψ slw þ w31y sin ψ slw þ w33x cos 3ψ slw

We present the incremental offset vector in the polar form:

hd ¼ ad hd ;

LOCAL AND GLOBAL EFFECTIVE
PARAMETERS

þ w44x sin 4ψ slw − w44y cos 4ψ slw p3h

1
1
− w51x sin ψ slw − w51y cos ψ slw
5
5
3
3
þ w53x sin 3ψ slw − w53y cos 3ψ slw
5
5
þ w55x sin 5ψ slw − w55y cos 5ψ slw p4h þ Oðp5h Þ:
The local two-way time is

(85)
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u4
1
¼ − ðΣq;1111 þ 2Σq;1122 þ Σq;2222 Þ;
16
Δz
w42x
1
¼ − ðΣq;1111 − Σq;2222 Þ;
12
Δz
w42y
1
¼ − ðΣq;1112 þ Σq;1222 Þ;
6
Δz
w44x
1
¼ − ðΣq;1111 − 6q;1122 þ Σq;2222 Þ;
48
Δz
w44y
1
¼ − ðΣq;1112 − Σq;1222 Þ;
12
Δz

1
Δt−Δto ¼þ ðu2 þw2x cos 2ψ slw þw2y sin 2ψ slw Þp2h
2
2
þ ðw31x cos ψ slw þw31y sin ψ slw
3
þw33x cos 3ψ slw þw33y sin 3ψ slw Þp3h
3
þ ðu4 þw42x cos 2ψ slw þw42y sin 2ψ phs
4
þw44x cos 4ψ slw þw44y sin 4ψ slw Þp4h
4
þ ðw51x cos ψ slw þw51y sin ψ slw
5
þw53x cos 3ψ slw þw53y sin 3ψ slw

(87.4)

þw55x cos 5ψ slw þw55y sin 5ψ slw Þp5h þOðp6h Þ:(86)
w51x
Δz
w51y
Δz
w53x
Δz
w53y
Δz
w55x
Δz
w55y
Δz

The local effective parameters are related to the derivatives of the
vertical slowness of the incidence and reflection wave types

w1y
w1x
¼ −Δq;1 ;
¼ −Δq;2 ;
Δz
Δz

(87.1)

u2
1
¼ − ðΣq;11 þ Σq;22 Þ;
2
Δz
w2x
1
¼ − ðΣq;11 − Σq;22 Þ;
2
Δz
w2y
¼ −Σq;12 ;
Δz
w31x
Δz
w31y
Δz
w33x
Δz
w33y
Δz

(87.2)

5
ðΔq;11111 þ 2Δq;11122 þ Δq;12222 Þ;
192
5
ðΔq;11112 þ 2Δq;11222 þ Δq;22222 Þ;
¼−
192
5
ðΔq;11111 − 2Δq;11122 − 3Δq;12222 Þ;
¼−
384
5
ð3Δq;11112 þ 2Δq;11222 − Δq;22222 Þ;
¼−
384
1
ðΔq;11111 − 10Δq;11122 þ 5Δq;12222 Þ;
¼−
384
1
ð5Δq;11112 − 10Δq;11222 þ Δq;22222 Þ:
¼−
384
¼−

(87.5)

As in the case of pure-mode waves (equation 42), the global effective parameters can be obtained by a straightforward Dix-type summation (stacking) over the local effective parameters.

3
¼ − ðΔq;111 þ Δq;122 Þ;
8
3
¼ − ðΔq;112 þ Δq;222 Þ;
8
1
¼ − ðΔq;111 − 3Δq;122 Þ;
8
1
¼ − ð3Δq;112 − Δq;222 Þ;
8

SYNTHETIC EXAMPLE
We test the derived formulas for the second- and fourth-order
NMO velocities by implementing the widely used traveltime
approximation for P-waves:

(87.3)

Table 1. Interval parameters of a layered TOR model.
Numbers

δ1

δ2

δ3

ε1

ε2

γ1

γ2

f

VP

Δz

Tilt

Azimuth

Twist

1
2
3
4
5
6
7
8
9
10

0.12
−0.10
0.15
0.14
−0.11
−0.08
−0.17
0.11
0.19
−0.18

0.16
0.15
−0.13
0.11
0.15
−0.19
0.12
−0.16
0.14
0.12

0.08
−0.06
0.09
−0.10
0.08
0.07
−0.04
−0.06
0.05
0.04

0.25
0.19
0.29
0.15
−0.07
0.08
0.24
−0.20
−0.13
−0.11

0.18
0.08
0.12
−0.06
−0.16
0.28
0.16
−0.12
−0.22
0.19

0.12
0.07
−0.05
−0.06
−0.11
0.09
0.10
−0.08
0.12
0.04

−0.10
−0.11
0.08
0.07
−0.16
−0.15
0.12
−0.06
−0.13
0.10

0.74
0.73
0.70
0.72
0.71
0.76
0.78
0.79
0.80
0.69

2.0
2.2
2.4
2.6
2.9
3.3
3.6
3.4
3.2
3.0

0.35
0.31
0.27
0.19
0.32
0.29
0.36
0.28
0.40
0.45

28
14
23
19
15
18
24
29
11
30

36
139
83
74
55
23
−26
−96
−84
97

47
35
19
−56
−28
31
62
45
39
79
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t2 ðψ; hÞ − t2o
h2
1
¼ 2
− 2
2
2
to
V 2 ðψÞto V 2 ðψÞt2o
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·

2ηeff ðψÞh4
;
þ ½1 þ 2ηðψÞh2

V 22 ðψÞt2o

(88)

where the azimuth stands for ψ ¼ ψ off (offset domain) and the effective anellipticity reads,

ηeff ðψÞ ¼

V 44 ðψÞ − V 42 ðψÞ
A ðψÞ
:
¼− 4
4
2
8V 2 ðψÞ

(89)

The quartic coefficient A4 in this equation is normalized (dimensionless). Equation 88 was initially suggested for P-waves in layered VTI media by Alkhalifah and Tsvankin (1995). Its extension
to azimuthally anisotropic (orthorhombic) media was developed
by Al-Dajani et al. (1998), Xu et al. (2005), and Vasconcelos
and Tsvankin (2006), who invoke different approximations for
ηeff ðψ off Þ and compared them with exact solutions. Our goal is to
test the correctness of our newly derived exact expression for
ηeff ðψ off Þ by substituting it into equation 88 to model reflection trav-

Figure 2. Normalized second- and fourth-order global NMO velocities (subplot a) and global effective anellipticity (subplot b) of the
multilayer TOR model from Table 1 in two azimuthal domains. The
labels “slw” and “off” denote slowness- and offset-azimuth domains,
respectively.
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eltimes. We apply it to P-waves in a 10-layer effectively triclinic
medium, and we compare the traveltimes computed from equation 88 with those obtained by exact ray tracing.
To determine the 21 interval stiffness matrix components, we define the layers as TOR, whose properties are presented in Table 1. We
then transform (rotate) the local orthorhombic stiffness matrices into
the global frame (Bond, 1943). The data for each layer include the
layer thickness, nine orthorhombic elastic parameters, and the three
Euler orientation angles: tilt, azimuth, and twist. The tilted frame is
obtained from the global frame by three sequential rotations with respect to the ZY 0 Z 0 0 axes, where the rotation angles are azimuth, tilt,
and twist, respectively. The elastic properties include the compressional velocity V P along the tilted (local “vertical”) axis x3 , the shear
parameter f ¼ 1 − V 2S;x1 ∕V 2P, where V S;x1 is the velocity of S-waves
propagating along the local axis x3 and polarized along the local axis
x1 , and seven anisotropy parameters ðδ1 ; δ2 ; δ3 ; ε1 ; ε2 ; γ 1 ; γ 2 Þ introduced by Tsvankin (1997), which are extensions of Thomsen’s
(1986) parameters for transverse isotropy.
The compressional velocity is in kilometers per second, the layer
thickness is in kilometers, and the orientation angles (tilt, azimuth,
and twist) are in degrees. For all layers, the tilt angle of the local
vertical axis does not exceed 30°.
In Figure 2, we plot the normalized second- and fourth-order
NMO velocities and the effective anellipticity versus slowness azimuth and offset azimuth. The NMO velocities are normalized by
the average normal-incidence velocity. Note that the graphs of the
fourth-order NMO velocities plotted for both azimuthal domains
show identical values at the azimuths Ψ2;L and Ψ2;H , respectively.
For the second-order NMO velocities, these azimuths are common
maximum and minimum points, whereas for the fourth-order
velocities, these are just common points for the two domains.
Figures 3, 4, and 5 demonstrate the accuracy of the traveltime
approximation in the offset-azimuth domain. In Figure 3, the traveltime is plotted. For each plot, the offset is kept fixed, whereas the
offset-azimuth runs from zero to 180°. The offsets are normalized,
h̄ ¼ h∕z, where z is the total thickness of the multilayer model. The
traveltimes are also normalized, t̄ ¼ t∕to , where t is the two-way
time and to is the two-way normal-incidence time (in this case, also
zero-offset time). Offsets h̄ ≤ 2 are considered.

Figure 3. Ray-traced traveltime (solid lines) versus the hyperbolic
(dotted lines) and nonhyperbolic (dashed lines) moveout approximations in the offset-azimuth domain. Fixed offsets and varying offset azimuth. Numbers in the legend show offset-to-depth ratios.
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Figure 4 shows the absolute normalized traveltime errors in the
offset-azimuth domain. The two-way traveltime error is divided
by two-way normal incidence time. The offsets are kept fixed,
whereas the offset-azimuth is changing. We show the errors of

the hyperbolic and nonhyperbolic approximations, for short and
moderate offsets. For the maximum normalized offset considered,
h̄ ¼ 2, the absolute normalized error of the hyperbolic approximation is approximately 0.039; for the nonhyperbolic approximation,

Figure 4. Accuracy of the hyperbolic (subplot a) and nonhyperbolic (subplot b) moveout approximations in the offset-azimuth domain. Fixed
offsets and varying offset azimuth. Numbers in the legend show offset-to-depth ratios.

Figure 5. Accuracy of the hyperbolic (subplots a and b) and nonhyperbolic (subplots c and d) moveout approximations in the offset-azimuth
domain. Fixed offset azimuths and varying offset. Numbers in the legend show offset azimuths.
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the maximum error is approximately 0.019. For shorter offsets, the
errors are much smaller. Figure 5 shows the same errors (hyperbolic
and nonhyperbolic approximations), but now we keep the offsetazimuth fixed, whereas the offset magnitude is changing. For moderate offsets, the nonhyperbolic term that depends on the fourth-order NMO velocity is crucial in achieving a reasonably accurate
approximation.
Figure 6 shows computed azimuthal lags (differences between
the offset-azimuth and slowness-azimuth) in the offset-azimuth domain, ΔΨðψ off ; hÞ ¼ ψ off − ψ slw . In Figure 6a and 6b, the offset is
kept fixed, and the offset azimuth is changing. In Figure 6c
and 6d, the offset azimuth is kept fixed, and the offset is changing.
The lags depend on the magnitude and azimuth of the offset vector,
and they do not vanish even for zero-offset ray pair.

DISCUSSION OF GENERAL WORKFLOWS FOR
ESTIMATING PARAMETERS OF AZIMUTHALLY
ANISOTROPIC MEDIA
Estimation of parameters of azimuthally anisotropic models
is often performed as an iterative process in the depth-migrated
domain (migration velocity analysis). Seismic migration is typically
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performed with background velocity models, which are at first azimuthally isotropic, e.g., VTI, and in later iterations, with azimuthally anisotropic models. The latter include TTI and, possibly,
other models of lower anisotropic symmetries, such as orthorhombic, TOR, monoclinic, tilted monoclinic, and triclinic. Due to
azimuthally anisotropic effects, which are not included in the background (migration) velocity models, reflection events in CIGs can
show periodic azimuthally varying residual moveouts (RMO). The
RMO can be estimated either by automatic event picking performed
trace by trace, or by direct multiparameter search using explicit formulas for describing the RMO versus the perturbations of the global
effective parameters (residual effective parameters). The RMO is
obtained by taking the full differential of the NMO formula with
respect to depth (or vertical time) and to the changes in the effective
model parameters.
Furthermore, the coefficients of the RMO series expansions contain the global effective parameters of the background anisotropic
velocity models, and therefore need to be directly calculated (forward Dix-type summation). Note that this is the main topic of this
study. Both RMO representations (trace-by-trace and parametric)
can be used as input for ray-based seismic tomography, which is
the most commonly used method for globally updating the interval

Figure 6. Lags between offset and slowness azimuths in the offset-azimuth domain (computed exactly). Subplots a and b show fixed offsets
and varying offset azimuth. Subplots c and d show fixed offset azimuths and varying offset. Numbers in the legends of the upper and lower
subplots show offset-to-depth ratios and offset azimuths, respectively.
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model parameters. In many cases, however, an intermediate
approximate method is also used, which is based on the general
Dix-type approach for local 1D models. In this case, first the
updated local effective parameters at each layer are obtained from
the updated global effective parameters, and then the local effective
parameters are converted to interval parameters using some geologic and geophysical constraints.
A similar workflow for updating orthorhombic layered models
with only second-order RMO formula was proposed by Koren
and Ravve (2014).

CONCLUSION
We derive explicit expressions for slowness- and offset-azimuth
domain NMO series coefficients of pure and converted modes in
horizontally layered triclinic media. The accuracy of the NMO series
expansions holds for leading error terms of order six. For pure-mode
waves, the effective moveout parameters include the zero-offset time,
three second-order, and five fourth-order coefficients. Alternatively,
we propose an intuitive set of normalized parameters for pure modes
with feasible ranges. This set includes the zero-offset time, two
parameters describing the azimuthally invariant components of the
moveout (second-order NMO velocity and effective anellipticity),
and six residual parameters characterizing the azimuthal moveout
variations. We further show that for weak azimuthal anisotropy,
the second- and fourth-order NMO velocity functions in the offset-azimuth domain reduce to simpler expressions in the slownessazimuth domain. For converted waves, the odd (first-, third-, and
fifth-order) coefficients of the NMO series are also required.
Forward computation of the local effective parameters requires
explicit expressions for the near normal-incidence slowness surface
and the derivatives of the vertical slowness with respect to the horizontal-slowness vector. We explicitly obtained all local effective
parameters for each wave type as functions of the 21 stiffness coefficients.
To check the validity of the analytic results, the nonhyperbolic
traveltime approximation has been computed with the derived offset-azimuth domain second-order NMO velocity and effective anellipticity. Comparison of this approximation and traveltimes
computed for P-waves by numerical ray tracing in a horizontal,
10-layer TOR model shows a reasonable match for short and moderate offsets.
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APPENDIX A
NEAR NORMAL-INCIDENCE SLOWNESS
SURFACE IN A TRICLINIC LAYER
In this section, we explicitly derive the general slowness surface
expression in a triclinic layer in the proximity of the normalincidence direction. We start with a general formulation for any

horizontal-slowness values; we then provide a series expansion solution for small horizontal slowness (near normal-incidence rays).
The vertical slowness p3 ¼ qðp1 ; p2 Þ can be obtained by solving
the Christoffel equation

detðΓ − IÞ ¼ 0;

(A-1)

where I is the identity tensor of order two and dimension three, and
Γ ¼ pCp is the second-order symmetric tensor with the given coefficients (e.g., Slawinski, 2015)

Γ 11 ¼ C11 p21 þ C66 p22 þ C55 p23
þ 2ðC16 p1 p2 þ C56 p2 p3 þ C15 p1 p3 Þ;
Γ 22 ¼ C66 p21 þ C22 p22 þ C44 p23
þ 2ðC26 p1 p2 þ C24 p2 p3 þ C46 p1 p3 Þ;
Γ 33 ¼ C55 p21 þ C44 p22 þ C33 p23
þ 2ðC45 p1 p2 þ C34 p2 p3 þ C35 p1 p3 Þ;
Γ 12 ¼ C16 p21 þ C26 p22 þ C45 p23 þ ðC12 þ C66 Þp1 p2
þ ðC25 þ C46 Þp2 p3 þ ðC14 þ C56 Þp1 p3 ;
Γ 13 ¼ C15 p21 þ C46 p22 þ C35 p23 þ ðC14 þ C56 Þp1 p2
þ ðC36 þ C45 Þp2 p3 þ ðC13 þ C55 Þp1 p3 ;
Γ 23 ¼ C56 p21 þ C24 p22 þ C34 p23 þ ðC25 þ C46 Þp1 p2
þ ðC23 þ C44 Þp2 p3 þ ðC36 þ C45 Þp1 p3 :

(A-2)

The vanishing determinant in equation A-1 results in 950 monomials (items). However, we collect them into 50 coefficients
corresponding to the specific combinations of powers pi1 pj2 pk3 .
Equation A-1 may be arranged as a sixth-order polynomial equation
that makes it possible to obtain the vertical-slowness component
p3 ¼ qðp1 ; p2 Þ from the horizontal components p1 and p2

A6 q6 þ A5 q5 þ A4 q4 þ A3 q3 þ A2 q2 þ A1 q þ A0 ¼ 0;
(A-3)
where Ak are the polynomials of degree 6 − k versus p1 and p2 .
Their coefficients, in turn, depend only on the density normalized
stiffness matrix components Cij ; i; j ¼ 1; : : : ; 6. Hence, A6 is a
constant, A5 is a linear polynomial of the horizontal slowness,
A4 is a quadratic polynomial, etc. The coefficients of equation A-3, A0 : : : A6 , are explicitly listed in Appendix B. Because
they are polynomials of p1 and p2 , their derivatives with respect
to p1 and p2 can be easily obtained. The six roots of equation A-3 can be split into three pairs, in which each pair corresponds
to P-, fast S-, and slow S-waves. The two roots of each pair correspond to the downgoing and upgoing modes. In this paper, for the
sake of symmetry, both rays of the incidence-reflection ray pair are
considered to emerge up from the reflection point; thus, we deal
only with upgoing rays. The positive vertical direction is assumed
upward. Because the slowness surface presented by equation A-3 is
implicit, we have to first solve the sixth-order polynomial equation
and only then select the proper root. We approximate the vertical
slowness by an explicit function p3 ¼ qðp1 ; p2 Þ for small horizontal-slowness components. For the vertical slowness vector, we in-
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troduce p1 ¼ p2 ¼ 0 into equation A-2, and the Christoffel matrix
of a triclinic medium simplifies to
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C55
Γ ¼ 4 C45
C35

C45
C44
C34

3
C35
C34 5;
C33

(A-4)

and its eigenvalues are the vertical phase velocity squared,
−1
vver
phs ¼ qo . The subscript zero refers to the normal-incidence direction (zero horizontal slowness). We can also compute the coefficients Ao0 : : : Ao6 corresponding to the normal-incidence ray (see
Appendix B). Now consider a ray in the vicinity of the normal-incidence direction, in which the horizontal slowness ph is finite but
small. The polynomial coefficients change slightly

A6 ¼ Ao6 ;
A5 ¼ Ao5 þ Ao5;1 · ph ;
Ao4;2 · p2h
;
2
Ao · p2 Ao · p3
· ph þ 3;2 h þ 3;3 h ;
2
6
o
2
o
A ·p
A · p 3 A o · p4
· ph þ 2;2 h þ 2;3 h þ 2;4 h ;
2
6
24
o
2
o
3
o
A ·p
A ·p
A · p4
· ph þ 1;2 h þ 1;3 h þ 1;4 h
2
6
24

A4 ¼ Ao4 þ Ao4;1 · ph þ
A3 ¼

Ao3

þ

Ao3;1

A2 ¼ Ao2 þ Ao2;1
A1 ¼ Ao1 þ Ao1;1

A o · p5
þ 5;4 h ;
120
Ao0;2 · p2h Ao0;3 · p3h Ao0;4 · p4h
þ
þ
2
6
24
Ao0;5 · p5h Ao0;6 · p6h
þ
;
(A-5)
þ
120
720

A0 ¼ Ao0 þ Ao0;1 · ph þ

where Aom;n denotes a symmetric tensor of order n and dimension
two for the nth derivatives of the coefficient Am , with respect to p1
and p2 , computed for the normal-incidence direction. All components of these tensors can be obtained in a straightforward manner
from the relationships listed in Appendix B. The dot sign means a
full scalar product; for example,

Ao0;4

·

p4h



∂ 4 A0

¼
ppp p;
∂pi ∂pj ∂pk ∂pl p1 ¼0;p2 ¼0 i j k l
i; j; k; l ¼ 1; 2:
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tensor derivatives of the vertical slowness qn are unknown and have
to be found. For this, we substitute equations 4 and A-5 into the
Christoffel-based polynomial equation A-3. We ignore the higher
order terms Oðp6h Þ, and we then balance the terms with the same
powers of horizontal slowness. All the derivative tensors may be
presented as

qn ¼ −

6Ao6 q5o

þ

5Ao5 q4o

þ

q̄n
o
4A4 q3o þ

3Ao3 q2o þ 2Ao2 qo þ Ao1

n ¼ 1; 2 : : : 5;

;

(A-7)

where q̄n is a symmetric tensor of order n and dimension two,
whose components are proportional to qn . We call q̄n the normalized derivative tensors (although they are not dimensionless). The
denominator in equation A-7 is a scalar (just a scaling factor). It
follows from Appendix B that for the normal-incidence ray only
even-order coefficients of the polynomial are nonzero for the normal-incidence direction, and equation A-7 simplifies to

qn ¼ −

q̄n
1
;
2qo 3Ao6 q4o þ 2Ao4 q2o þ Ao2

n ¼ 1; 2; : : : ; 5:
(A-8)

The tensors q̄1 ; : : : ; q̄5 are listed in Appendix C.

APPENDIX B
COEFFICIENTS FOR VERTICAL-SLOWNESS
POLYNOMIAL
Given the two components p1 and p2 of the horizontal-slowness
vector, the vertical slowness qðp1 ; p2 Þ may be obtained from the
Christoffel equation, expressed by the six-order polynomial equation A-3. The coefficients read

A6 ¼ 2C34 C35 C45 þ C33 C44 C55
− ðC235 C44 þ C234 C55 þ C245 C33 Þ;
A5 ¼ 2A5;1 · p1 þ 2A5;2 · p2 ;

(B-1)
(B-2)

A5;1 ¼ C13 C34 C45 þ C14 C34 C35 þ C34 C35 C56 þ C35 C36 C45
− C15 C234 − C46 C235 − C13 C35 C44 − C34 C36 C55
(A-6)

Following equation 1, computation of the ray-velocity components
includes a differential operator that reduces the polynomial degree,
and thus the accuracy of the approximation. Therefore, to achieve
the fourth-order accuracy for the ray-velocity components that affects one-way kinematic parameters, we need the fifth-order accuracy for the slowness surface.
Similarly to the polynomial coefficients Ao0 : : : Ao6 (equation set
A-5), the vertical slowness qðp1 ; p2 Þ may also be expanded into
a series in the proximity of the normal-incidence ray (see equation 4,
in which all derivatives correspond to the normal-incidence direction). Unlike the derivatives of the polynomial coefficients Aom;n , the

þ C33 ðC15 C44 þ C46 C55 − C14 C45 − C45 C56 Þ; (B-2.1)
A5;2 ¼ C23 C35 C45 þ C25 C34 C35 þ C34 C35 C46 þ C34 C36 C45
− C24 C235 − C56 C234 − C23 C34 C55 − C35 C36 C44
þ C33 ðC24 C55 þ C44 C56 − C25 C45 − C45 C46 Þ; (B-2.2)
A4 ¼ A4;11 · p21 þ 2A4;12 · p1 p2 þ A4;22 · p22 þ A4;0 ; (B-3)
A4;0 ¼ C234 þ C235 þ C245 − C33 C44 − C33 C55 − C44 C55 ;
(B-3.1)
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A4;11 ¼ 2C13 C14 C34 þ 2C16 C34 C35 þ 2C14 C34 C55

A3;222 ¼ ðC24 C25 þC23 C26 þC26 C44 −C24 C46 ÞC35

þ 2C15 C35 C44 − 2C14 C35 C45 − 2C15 C34 C45

−ðC24 C55 þC23 C56 þ2C44 C56 ÞC23

− 2C13 C44 C55 þ 2C13 C36 C45 þ 2C13 C34 C56

þðC22 C55 þ2C24 C56 −C23 C66 −C25 C46 −C225 ÞC34

þ 2C35 C36 C56 − 4C15 C34 C36 − 4C13 C35 C46

þðC23 C25 −C22 C35 −C26 C34 þ2C23 C46

þ 2C14 C35 C36 þ 2C13 C245 − C11 C234 − C44 C213

−C24 C36 ÞC45 þðC23 C25 −C22 C35 þC26 C34

−

C55 C236

−

C66 C235

− ðC14 þ C56 Þ C33

þC23 C46 þC25 C44 −C24 C36 ÞC36

2

þ ðC11 C44 þ C55 C66 − 2C16 C45 þ 4C15 C46 ÞC33 ;
(B-3.2)
A4;22 ¼ 2C23 C25 C35 þ 2C26 C34 C35 þ 2C25 C35 C44

−ðC25 C26 −C22 C56 þC26 C46 −C24 C66 ÞC33 ; (B-4.2)
A3;112 ¼ ðC13 þ C55 ÞðC14 C23 þ C12 C34 Þ
− ðC13 C24 þ 2C24 C55 − C23 C56 ÞC13

þ 2C24 C34 C55 − 2C24 C35 C45 − 2C25 C34 C45

þ ðC13 C66 þ 2C55 C66 þ 3C15 C46 − C11 C23

− 2C23 C44 C55 þ 2C23 C36 C45 þ 2C23 C35 C46

− C15 C25 − 2C256 ÞC34 þ ðC16 C23 þ 2C15 C24

þ 2C34 C36 C46 − 4C24 C35 C36 − 4C23 C34 C56

þ 2C46 C56 þ 3C16 C44 − C14 C25 − 2C13 C26

þ 2C25 C34 C36 þ 2C23 C245 − C22 C235 − C55 C223

− 3C14 C46 ÞC35 − ðC15 C23 þ C12 C35 þ 2C35 C66

− C44 C236 − C66 C234 − C33 ðC25 þ C46 Þ2

þ 3C16 C34 − 2C13 C25 ÞC45 − ðC12 þ C66 ÞC14 C33

þ C33 ðC22 C55 þ C44 C66 − 2C26 C45 þ 4C24 C56 Þ;

þ ðC13 C25 þ C12 C35 þ C14 C36 þ 2C45 C56

(B-3.3)

þ 3C14 C45 ÞC36 − ðC13 C46 þ C16 C34 þ 2C15 C23
þ 2C46 C55 þ 3C15 C44 ÞC36 þ ðC11 C24 þ C16 C46

A4;12 ¼ C13 C25 C34 þ C14 C23 C35 þ C13 C34 C46

þ 2C15 C26 − C16 C25 − C12 C56 ÞC33 ;

þ C23 C35 C56 þ C12 C34 C35 þ ðC14 C34 þ C25 C35
− C13 C44 − C23 C55 − C35 C46 − C34 C56 þ 2C245
− 2C44 C55 ÞC36 −2C15 C23 C34 − 2C13 C24 C35

− C14 C25 − 2C16 C23 − 3C25 C56 ÞC34

− C16 C234 − C26 C235 þ ðC16 C44 þ C26 C55 ÞC33
þ ð2C15 C24 þ C46 C56 − C14 C25 − C12 C45 − C45 C66
(B-3.4)

− ðC13 C24 þ C12 C34 þ 2C34 C66 þ 3C26 C35
− 2C14 C23 ÞC45 − ðC12 þ C66 ÞC25 C33 þ ðC14 C23
þ C12 C34 þ C25 C36 þ 2C45 C46 þ 3C25 C45 ÞC36
− ðC23 C56 þ C26 C35 þ 2C13 C24 þ 2C44 C56

A3 ¼ 2A3;111 · p31 þ 2A3;112 · p21 p2 þ 2A3;122 · p1 p22
(B-4)

þ 3C24 C55 ÞC36 þ ðC15 C22 þ C26 C56 þ 2C16 C24
− C14 C26 − C12 C46 ÞC33 ;

(B-4.4)

A3;1 ¼ ðC14 þ C56 ÞC45 − ðC33 þ C44 ÞC15 − ðC33 þ C55 ÞC46

A3;111 ¼ ðC14 C15 þC13 C16 þC16 C55 −C15 C56 ÞC34

þ ðC36 þ C45 ÞC34 þ ðC13 − C44 ÞC35 ;

−ðC15 C44 þC13 C46 þ2C46 C55 ÞC13
þðC11 C44 þ2C15 C46 −C13 C66 −C14 C56 −C214 ÞC35
þðC13 C14 −C11 C34 −C16 C35 þ2C13 C56 −C15 C36 ÞC45
þðC13 C14 −C11 C34 þC16 C35 þC13 C56 þC14 C55
−C15 C36 ÞC36 −ðC14 C16 −C11 C46

(B-4.5)

A3;2 ¼ ðC25 þ C46 ÞC45 − ðC33 þ C55 ÞC24 − ðC33 þ C44 ÞC56
þ ðC36 þ C45 ÞC35 þ ðC23 − C55 ÞC34 ;

(B-4.6)

A2 ¼ A2;1111 · p41 þ 2A2;1112 · p31 p2 þ A2;1122 · p21 p22

þC16 C56 −C15 C66 ÞC33 −ðC14 C16 −C11 C46
þC16 C56 −C15 C66 ÞC33 ;

− ðC15 C23 þ 2C15 C44 − C13 C46 ÞC23 þ ðC23 C66
þ ðC13 C26 þ 2C15 C24 þ 2C46 C56 þ 3C26 C55

þ ðC13 C23 − 2C35 C46 − 2C34 C56 þ C236 ÞC45

þ 2A3;222 · p32 þ 2A3;1 · p1 þ 2A3;2 · p2 ;

A3;122 ¼ ðC23 þ C44 ÞðC13 C25 þ C12 C35 Þ
þ 2C44 C66 þ 3C24 C56 − C13 C22 − C14 C24 − 2C246 ÞC35

þ 2C34 C46 C55 þ 2C35 C44 C56 þ C34 C35 C66

− C14 C46 − C25 C56 ÞC33 ;

(B-4.3)

þ 2A2;1222 · p1 p32 þ A2;2222 · p42 þ A2;11 · p21
(B-4.1)

þ 2A2;12 · p1 p2 þ A2;22 · p22 þ A2;0 ;

(B-5)

NMO for layered triclinic media

A2;1111 ¼ C11 C44 C55 − C215 C44 − C214 C55 þ 2ðC15 C16

A2;1122 ¼ 2ðC12 C44 C55 − C15 C25 C44 − C14 C24 C55
− 2C246 C55 − 2C256 C44 Þ

− C11 C56 ÞC34 þ ð2C14 C56 þ 2C256 − C13 C66
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− 2C55 C66 − 4C15 C46 ÞC13 þ2ð2C11 C46 þ C15 C66
− 2C14 C16 − C16 C56 ÞC35 þ 2ðC16 C55 − C15 C56 ÞC36
þ2ðC14 C15 þ C13 C16 ÞðC45 þ C36 Þ − C11 ðC45 þ C36 Þ2
þ ðC11 C66 − C216 ÞC33 ;

(B-5.1)

− 2C44 C66 − 4C24 C56 ÞC23 þ2ð2C22 C56 þ C24 C66
− 2C25 C26 − C26 C46 ÞC34 þ 2ðC26 C44 − C24 C46 ÞC36
þ2ðC25 C24 þ C23 C26 ÞðC45 þ C36 Þ
− C22 ðC45 þ C36 Þ

− 8C15 C24 C36 þ 4C44 C55 C66
þ2ð2C25 C46 þ C44 C66 þ C12 C44 þ C225 − C14 C24
− C22 C55 − C24 C56 − C246 ÞC13
þ2ð2C14 C56 þ C55 C66 þ C12 C55 þ C214 − C15 C25
þ2ðC11 C24 þ C16 C46 þ 5C15 C26 − C12 C14

− C22 C46 ÞC35 þ ð2C25 C46 þ 2C246 − C23 C66

þ ðC22 C66 − C226 ÞC33 ;

− ðC11 C223 þ C22 C213 Þ þ 2ðC12 þ C66 ÞC13 C23

− C11 C44 − C15 C46 − C256 ÞC23

A2;2222 ¼ C22 C44 C55 − C224 C55 − C225 C44 þ 2ðC24 C26

2
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− C12 C56 − C14 C66 − 4C16 C25 ÞC34 þ2ðC22 C15 þ C26 C56
þ 5C24 C16 − C12 C25 − C12 C46 − C25 C66 − 4C26 C14 ÞC35
þ2ðC15 C24 þ C14 C25 þ 4C46 C56 − C16 C23 − C13 C26
− C12 C45 − 2C45 C66 ÞC45 þ2ðC14 C46 þ C25 C56

(B-5.2)

þ 2C14 C25 þ 2C12 C45 þ C12 C36 ÞC36 þ C11 C22 C33
−2ðC16 C23 þ C13 C26 þ C16 C44 þ C26 C55 ÞC36

A2;1112 ¼ 2ðC16 C44 C55 − C14 C46 C55 − C15 C44 C56 Þ
þ ðC14 C25 þ C16 C23 þ C16 C44 þ 2C25 C56 ÞC13

þ ð2C16 C26 − 2C12 C66 − C212 ÞC33 ;

(B-5.5)

− ðC13 C26 þ C14 C46 þ 2C15 C24 þ 2C26 C55 ÞC13
þ ðC14 C15 þ C16 C55 − C15 C56 ÞC23 þ ðC11 C26
− C12 C16 ÞC33 þ ðC12 C13 − C11 C23 þ 2C15 C46
þ 2C14 C56 − 2C16 C45 ÞC45 þ ð2C11 C24 þ 2C15 C26
þ 3C16 C46 − C12 C56 − C16 C25 − 2C12 C14
− 3C14 C66 ÞC35 þ ðC12 C15 þ C11 C46 þ 3C15 C66

A2;11 ¼ C213 þ C214 þ C256 − C11 C44 − 4C15 C46 þ 2C14 C56
þ ð2C13 − C66 ÞC55 − C44 C55 þ ð2C16 þ C45 ÞC45
þ 2C34 C56 − 2ðC15 þ 2C46 ÞC35
þ ðC36 þ 2C45 ÞC36 − ðC11 þ C66 ÞC33 ;

(B-5.6)

− C14 C16 − C11 C25 − 3C16 C56 ÞC34 þ ðC12 C13
þ C12 C55 þ 3C14 C56 þ C214 ÞC36
− ðC11 C23 þ C11 C44 þ C15 C25 þ 3C15 C46 ÞC36 ;
(B-5.3)

A2;22 ¼ C223 þ C225 þ C246 − C22 C55 − 4C24 C56
þ2C25 C46 þ ð2C23 − C66 ÞC44 − C44 C55
þ ð2C26 þ C45 ÞC45 þ 2C35 C46 − 2ðC24 þ 2C56 ÞC34
þ ðC36 þ 2C45 ÞC36 − ðC22 þ C66 ÞC33 ;
(B-5.7)

A2;1222 ¼ 2ðC26 C44 C55 − C25 C56 C44 − C24 C55 C46 Þ
þ ðC14 C25 þ C26 C13 þ C26 C55 þ 2C14 C46 ÞC23
− ðC23 C16 þ C25 C56 þ 2C15 C24 þ 2C16 C44 ÞC23
þ ðC25 C24 þ C26 C44 − C24 C46 ÞC13 þ ðC22 C16
− C12 C26 ÞC33 þ ðC12 C23 − C22 C13 þ 2C24 C56
þ 2C25 C46 − 2C26 C45 ÞC45 þ ð2C22 C15 þ 2C24 C16
þ 3C26 C56 − C12 C46 − C26 C14
− 2C12 C25 − 3C25 C66 ÞC34 þ ðC12 C24 þ C22 C56

A2;12 ¼ C14 C25 þ C14 C46 þ C25 C56 − C16 C44 − C26 C55
− 2C15 C24 − C46 C56 þ ðC25 − 2C15 − C46 ÞC34
þ ðC14 − 2C24 − C56 ÞC35 þ ðC12 þ C13 þ C23 þ C66 ÞC45
þ ðC13 þ C23 þ C44 þ C55 ÞC36
− ðC16 þ C26 ÞC33 ;

(B-5.8)

þ 3C24 C66 − C25 C26 − C22 C14 − 3C26 C46 ÞC35
þ ðC12 C23 þ C12 C44 þ 3C25 C46 þ C225 ÞC36
− ðC22 C13 þ C22 C55 þ C24 C14 þ 3C24 C56 ÞC36 ; (B-5.4)

A2;0 ¼ C33 þ C44 þ C55 ;

(B-5.9)

Koren and Ravve
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A1;11122 ¼ ðC14 C25 − C15 C24 þ 2C46 C56 þ 3C25 C56 ÞC14

A1 ¼ 2A1;11111 · p51 þ 2A1;11112 · p41 p2 þ 2A1;11122 · p31 p22
þ 2A1;11222 · p21 p32 þ 2A1;12222 · p1 p42 þ 2A1;22222 · p52
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þ 2A1;111 ·

p31

þ 2A1;112 ·

p21 p2

þ 2A1;122 ·

p1 p22

þ 2A1;222 ·

þ 2A1;1 · p1 þ 2A1;2 · p2 ;

p32

(B-6)

− ð3C24 C56 þ 2C246 ÞC15 þ ðC12 C15 − C11 C25
þ 2C15 C66 − 2C16 C56 ÞC44 þ 3ðC16 C24
− C14 C26 ÞC55 þ ðC11 C24 − C12 C14 þ 2C16 C46
− 2C14 C66 þ 3C15 C26 − 3C16 C25 ÞC45
þ ðC16 C24 − C15 C22 þ C12 C25 þ C12 C46

A1;11111 ¼ ðC11 C55 − C215 ÞC46 þ ðC11 C66 − C216 ÞC35

þ C25 C66 − C26 C56 − 2C14 C26 ÞC13 þ ðC12 C15

þ ðC16 C56 − C15 C66 ÞC13 þ ðC15 C56 − C16 C55 ÞC14
þ ðC15 C16 − C11 C56 ÞðC36 þ C45 Þ;

(B-6.1)

þ C14 C16 þ C15 C66 − C11 C25 − C11 C46
− C16 C56 ÞC23 þ2ðC11 C26 − C12 C16 ÞC34 þ ðC11 C22
þ 2C16 C26 − 2C12 C66 − C212 ÞC35
þ ðC12 C14 − C11 C24 − C16 C25 − C15 C26

A1;22222 ¼ðC22 C44 −C224 ÞC56 þðC22 C66 −C226 ÞC34

þ 2C12 C56 ÞC36 ;

(B-6.5)

þðC26 C46 −C24 C66 ÞC23 þðC24 C46 −C26 C44 ÞC25
þðC24 C26 −C22 C46 ÞðC36 þC45 Þ;

(B-6.2)
A1;11222 ¼ ðC14 C25 − C15 C24 þ 2C46 C56 þ 3C14 C46 ÞC25
− ð3C15 C46 þ 2C256 ÞC24 þ ðC12 C24 − C22 C14

A1;11112 ¼ ðC14 C56 þ C15 C25 − C15 C46 þ 2C256 ÞC14
− ðC15 C24 þ 2C46 C56 ÞC15 þ ðC16 C25 þ C16 C46
þ C12 C56 − C14 C66 − 2C15 C26 ÞC13
þ ðC15 C16 − C11 C56 ÞC23 þ ðC11 C66 − C216 ÞC34
þ 2ðC11 C26 − C12 C16 ÞC35 þ ðC15 C16 − C11 C56 ÞC44
þ ðC11 C24 þ 2C16 C46 − C12 C14 − 2C14 C66 ÞC55
þ ðC12 C15 þ C11 C46 − C14 C16 − C11 C25
þ 2C15 C66 − 2C16 C56 ÞC45 þ ðC12 C15 − C11 C46
þ C14 C16 − C11 C25 ÞC36 ;

(B-6.3)

þ 2C24 C66 − 2C26 C46 ÞC55 þ 3ðC26 C15
− C25 C16 ÞC44 þ ðC22 C15 − C12 C25 þ 2C26 C56
− 2C25 C66 þ 3C24 C16 − 3C26 C14 ÞC45
þ ðC26 C15 − C24 C11 þ C12 C14 þ C12 C56
þ C14 C66 − C16 C46 − 2C25 C16 ÞC23
þ ðC12 C24 þ C25 C26 þ C24 C66 − C22 C14
− C22 C56 − C26 C46 ÞC13 þ2ðC22 C16 − C12 C26 ÞC35
þ ðC11 C22 þ 2C16 C26 − 2C12 C66 − C212 ÞC34
þ ðC12 C25 − C22 C15 − C26 C14 − C24 C16
þ 2C12 C46 ÞC36 ;

(B-6.6)

A1;12222 ¼ ðC25 C46 þ C14 C24 − C24 C56 þ 2C246 ÞC25
− ðC15 C24 þ 2C46 C56 ÞC24

A1;111 ¼ C13 C15 þ C14 C16 − C11 C35 − ðC11 þ C55 ÞC46

þ ðC26 C14 þ C26 C56 þ C12 C46 − C25 C66

þ ðC16 þ C36 þ C45 ÞC56 − ðC15 þ C35 ÞC66 ;

− 2C24 C16 ÞC23 þ ðC24 C26 − C22 C46 ÞC13

(B-6.7)

þ ðC22 C66 − C226 ÞC35 þ 2ðC22 C16 − C12 C26 ÞC34
þ ðC24 C26 − C22 C46 ÞC55
þ ðC22 C15 þ 2C26 C56 − C12 C25 − 2C25 C66 ÞC44
þ ðC12 C24 þ C22 C56 − C25 C26 − C22 C14

A1;222 ¼ C23 C24 þ C25 C26 − C22 C34 − ðC22 þ C44 ÞC56

þ 2C24 C66 − 2C26 C46 ÞC45 þ ðC12 C24 − C22 C56
þ C25 C26 − C22 C14 ÞC36 ;

(B-6.4)

þ ðC26 þ C36 þ C45 ÞC46 − ðC24 þ C34 ÞC66 ;
(B-6.8)

NMO for layered triclinic media
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A1;112 ¼ ðC12 þ C13 þ C66 ÞC14 þ ðC25 − C46 ÞC16

WA141

A0;122222 ¼ ðC26 C14 þ C26 C56 − C24 C16 ÞC24

− C11 C24 − 2C15 C26 þ ðC12 þ C13 þ C23 ÞC56

þ ðC22 C16 − C12 C26 ÞC44 − C226 C45

− ðC11 þ C66 ÞC34 − 2ðC16 þ C26 ÞC35

þ ðC12 C24 þ C25 C26 − C22 C14 − C22 C56 ÞC46

þ C44 C56 þ ðC14 − C24 ÞC55 þ ðC25 − C15

þ ðC22 C45 − C25 C24 ÞC66 ;

− C46 ÞC45 þ ðC15 þ C25 þ C46 ÞC36 ;

(B-7.4)

(B-6.9)
A0;111122 ¼ ð2C14 C16 − C11 C25 ÞC25

A1;122 ¼ ðC12 þ C23 þ C66 ÞC25 þ ðC14 − C56 ÞC26

þ ð2C16 C24 þ 2C12 C25 − C15 C22

− C22 C15 − 2C24 C16 þ ðC12 þ C13 þ C23 ÞC46

− 4C14 C26 ÞC15 þ ð2C12 C15 þ 2C14 C16

− ðC22 þ C66 ÞC35 − 2ðC16 þ C26 ÞC34 þ C55 C46

− 2C11 C25 − C11 C46 ÞC46 þ ð2C15 C25 − C214 ÞC66

þ ðC25 − C15 ÞC44 þ ðC14 − C24 − C56 ÞC45

þ2ðC12 C14 þ C12 C56 − C11 C24 − C16 C25

þ ðC24 þ C14 þ C56 ÞC36 ;

− C15 C26 ÞC56 þ ðC11 C66 − C216 ÞC44

(B-6.10)

þ ðC11 C22 þ 2C16 C26 − 2C12 C66 − C212 ÞC55
A1;1 ¼ C15 þ C35 þ C46 ;

(B-6.11)

A1;2 ¼ C24 þ C34 þ C56 ;

(B-6.12)

þ 4ðC11 C26 − C12 C16 ÞC45 ;

(B-7.5)

A0;112222 ¼ ð2C25 C26 − C22 C14 ÞC14
þ ð2C26 C15 þ 2C12 C14 − C24 C11
− 4C25 C16 ÞC24 þ ð2C12 C24 þ 2C25 C26

A0 ¼ A0;111111 ·

p61

þ 2A0;111112 ·

p51 p2

− 2C22 C14 − C22 C56 ÞC56

þ A0;111122

· p41 p22 þ 2A0;111222 · p31 p32 þ A0;112222 · p21 p42

þ ð2C24 C14 − C225 ÞC66 þ2ðC12 C25 þ C12 C46

þ 2A0;122222 · p1 p52 þ A0;222222 · p62 þ A0;1111 · p41

− C22 C15 − C26 C14 − C24 C16 ÞC46

þ 2A0;1112 ·

p31 p2

þ A0;1122 ·

þ ðC22 C66 − C226 ÞC55 þ ðC11 C22 þ 2C16 C26

p21 p22

− 2C12 C66 − C212 ÞC44

þ 2A0;1222 · p1 p32 þ A0;2222 · p42
þ A0;11 · p21 þ 2A0;12 · p1 p2 þ A0;22 · p22 þ A0;0 ;

(B-7)

A0;111111 ¼ ð2C15 C16 − C11 C56 ÞC56
þ ðC11 C55 − C215 ÞC66 − C216 C55 ;

þ 4ðC22 C16 − C12 C26 ÞC45 ;

(B-7.6)

A0;111222 ¼ ðC12 þ C66 ÞðC15 C24 þ C14 C25 Þ − C16 C225

(B-7.1)

− C26 C214 − ðC14 þ C56 ÞC15 C22
− ðC25 þ C46 ÞC24 C11 þ ðC14 C24 − C25 C46
− C24 C56 ÞC16 þ ðC25 C15 − C14 C56

A0;222222 ¼ ð2C24 C26 − C22 C46 ÞC46
þ ðC22 C44 − C224 ÞC66 − C226 C44 ;

− C15 C46 ÞC26 þ ðC11 C26 − C12 C16 ÞC44

(B-7.2)

þ ðC22 C16 − C12 C26 ÞC55
þ ðC14 C46 þ C25 C56 þ 2C46 C56 ÞC12
þ ðC11 C22 þ 2C16 C26 − 2C12 C66 − C212 ÞC45 ; (B-7.7)

A0;111112 ¼ ðC16 C25 þ C16 C46 − C15 C26 ÞC15
þ ðC11 C26 − C12 C16 ÞC55 − C216 C45
þ ðC12 C15 þ C14 C16 − C11 C25 − C11 C46 ÞC56
þ ðC11 C45 − C14 C15 ÞC66 ;

(B-7.3)

A0;1111 ¼ C215 þ C216 þ C256 − C11 C55 − C11 C66 − C55 C66 ;
(B-7.8)

Koren and Ravve
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A0;2222 ¼ C224 þ C226 þ C246 − C22 C44 − C22 C66 − C44 C66 ;
(B-7.9)

incidence ray. Taking into account equation C-1, the normalized
derivative tensors read
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q̄1 ¼ Ao5;1 q5o þ Ao3;1 q3o þ Ao1;1 qo ;

(C-2)

A0;1112 ¼ C14 C15 þ ðC15 þ C25 þ C46 ÞC56
− ðC16 þ C26 ÞC55 − C45 C66
− ðC26 þ C45 ÞC11 þ C12 C16 ;

(B-7.10)

q̄2 ¼ 2ð15Ao6 q4o þ 6Ao4 q2o þ Ao2 Þq21 þ2ð5Ao5;1 q4o þ 3Ao3;1 q2o þ Ao1;1 Þ⊙q1
þ Ao4;2 q4o þ Ao2;2 q2o þ Ao0;2 ;

(C-3)

A0;1222 ¼ C24 C25 þ ðC24 þ C14 þ C56 ÞC46
− ðC16 þ C26 ÞC44 − C45 C66
− ðC16 þ C45 ÞC22 þ C12 C26 ;

q̄3 ¼ 24ð5Ao6 q3o þ Ao4 qo Þq31 þ 6ð10Ao5;1 q3o þ 3Ao3;1 qo Þ⊙q21
(B-7.11)

þ 3ð5Ao5;1 q4o þ 3Ao3;1 q2o þ Ao1;1 Þ⊙q2

A0;1122 ¼ C214 þ C225 þ C246 þ C256 − C11 C22 − 2C16 C26

þ3ð4Ao4;2 q3o þ 2Ao2;2 qo Þ⊙q1 þ Ao3;3 q3o þ Ao1;3 qo ; (C-4)

− 4ðC16 þ C26 ÞC45 þ2ðC15 þ C25 ÞC46
þ 2ðC14 þ C24 ÞC56 − ðC11 þ C66 ÞC44
− ðC22 þ C66 ÞC55 þ ðC12 þ 2C66 ÞC12 ;
A0;11 ¼ C11 þ C55 þ C66 ;
A0;22 ¼ C22 þ C44 þ C66 ;

þ6ð15Ao6 q4o þ 6Ao4 q2o þ Ao2 Þq1 ⊙q2

(B-7.12)
(B-7.13)
(B-7.14)

q̄4 ¼ 24ð15Ao6 q2o þ Ao4 Þq41 þ 24ð10Ao5;1 q2o þ Ao3;1 Þ⊙q31
þ144ð5Ao6 q3o þ Ao4 qo Þq21 ⊙q2 þ 12ð6Ao4;2 q2o þ Ao2;2 Þ⊙q21
þ24ð10Ao5;1 q3o þ 3Ao3;1 qo Þ⊙q1 ⊙q2
þ 8ð15Ao6 q4o þ 6Ao4 q2o þ Ao2 Þq1 ⊙q3
2
o 2
þ4ð3Ao3;3 q2o þ Ao1;3 Þ⊙q1 þ 6ð15Ao6 q4o þ 6Ani
4 qo þ A2 Þq2

þ12ð2Ao4;2 q3o þ Ao2;2 qo Þ⊙q2 þ 4ð5Ao5;1 q4o þ 3Ao3;1 q2o þ Ao1;1 Þ
⊙q3 þ Ao2;4 q2o þ Ao0;4 ;

A0;12 ¼ C16 þ C26 þ C45 ;

(C-5)

(B-7.15)
q̄5 ¼ 720Ao6 qo q51 þ 120 · 5Ao5;1 ⊙q41 qo

A0;0 ¼ −1:

(B-7.16)

þ ð360Ao6 q2o þ 24Ao4 Þ10q31 ⊗ q2
þ24 · 10Ao4;2 ⊙q31 qo þ 60 · 30Ao5;1 ⊙q21 ⊙d2 q2o
þ 6 · 30Ao3;1 ⊙q21 ⊙q2 þ ð120Ao6 q3o þ 24Ao4 qo Þ10q3 ⊙q21
þ 6 · 10Ao3;3 ⊙q21 qo þ ð120Ao6 q3o þ 24Ao4 qo Þ15q1 ⊙q22

APPENDIX C
DERIVATIVES OF THE VERTICAL SLOWNESS
In this appendix, we list the normalized derivative tensors of the
vertical slowness, to be introduced into equation A-8. We note that
the odd coefficients of the polynomial equation A-3 vanish for normal
incidence. The even derivatives of the odd coefficients and the odd
derivatives of the even coefficients vanish as well,

þ 12 · 30Ao4;2 ⊙q1 ⊙q2 q2o þ 2 · 30Ao2;2 ⊙q1 ⊙q2
þ 20 · 20Ao5;1 ⊙q1 ⊙q3 q3o þ 6 · 20Ao3;1 ⊙q1 ⊙q3 qo
þ ð30Ao6 q4o þ 12Ao4 q2o þ 2Ao2 Þ5⊙q1 ⊙q4 þ 5Ao1;1 ⊙q4
þ Ao1;5 qo þ2 · 5Ao2;4 ⊙q1 qo þ 20 · 15Ao5;1 ⊙q22 q3o
þ 6 · 15Ao3;1 ⊙q22 qo þ ð30Ao6 q4o þ 12Ao4 q2o þ 2Ao2 Þ10q2 ⊙q3
þ 3 · 10Ao3;3 ⊙q2 q2o þ 10Ao1;3 ⊙q2

Ao5 ¼ Ao3 ¼ Ao1 ¼ 0;
Ao4;1 ¼ Ao2;1 ¼ Ao0;1 ¼ 0;

þ 4 · 10Ao4;2 ⊙q3 q3o þ 2 · 10Ao2;2 ⊙q3 qo

Ao3;2 ¼ Ao1;2 ¼ 0;

þ 5 · 5Ao5;1 ⊙q4 q4o þ 3 · 5Ao3;1 ⊙q4 q2o ;

Ao2;3 ¼ Ao0;3 ¼ 0;
Ao1;4 ¼ 0;
Ao0;5 ¼ 0:

(C-1)

Equation C-1 is valid in the global (nontilted) frame of reference, in
which the vanishing horizontal slowness corresponds to the normal-

(C-6)

where the symbol ⊙ means a symmetric tensor product that averages
expressions with all possible permutations of indices (Kostrikin and
Manin, 1997), and

q21 ¼ q1 ⊙q1 ; q31 ¼ q21 ⊙q1 ¼ q1 ⊙q1 ⊙q1 ; q22 ¼ q2 ⊙q2 :
(C-7)

NMO for layered triclinic media
Columns 3 reads
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FOURTH-ORDER NMO VELOCITY IN THE
OFFSET-AZIMUTH DOMAIN
The fourth-order NMO velocity in the offset-azimuth domain can
be presented as a product of the factor K 2 ðψ off Þ that includes second-order global effective parameters, and the kernel K 4 ðψ off Þ that
includes second- and fourth-order effective parameters

V 44 ðψ off Þ ¼ K 2 ðψ off ÞK 4 ðψ off Þ:

(D-1)

The second-order factor reads

K 2 ðψ off Þ ¼
¼

WA143

2t−1
o
ðU2 − W 2x cos 2ψ off − W 2y sin 2ψ off Þ4
2t−1
o
;
½U2 − W 2 cos 2ðψ off − Ψ2;H Þ4

(D-2)

M13
M23
M33
M43
M53

¼ −4U2 W 2y ðU 22 þ W 22x þ W 22y Þ;
¼ þ2W 2x W 2y ð3U22 þ W 22x þ W 22y Þ;
¼ þU 42 − W 42x þ 6U 22 W 22y þ W 42y ;
¼ þ4U 2 W 2y ðU22 − 3W 22x þ W 22y Þ;
¼ −4U2 W 2x ðU 22 − W 22x þ 3W 22y Þ:

(D-7c)

Columns 4 reads

M14
M24
M34
M44
M54

¼ þ2U 22 ðW 22x − W 22y Þ;
¼ −U2 W 2x ðU 22 þ W 22x − 3W 22y Þ;
¼ þU 2 W 2y ðU22 − 3W 22x þ W 22y Þ;
¼ þU 42 þ W 42x − 6W 22x W 22y þ W 42y ;
¼ þ4W 2x W 2y ðW 22x − W 22y Þ;

(D-7d)

Columns 5 reads
or, alternatively

2t−5
o
K 2 ðψ off Þ ¼ 2
:
½V 2;L cos2 ðψ off − Ψ2;H Þ þ V 22;H sinðψ off − Ψ2;H Þ4
(D-3)
The scalar kernel is presented as a bilinear form of a matrix and two
vectors,

K 4 ðψ off Þ ¼ mMb;

(D-4)

where m is a row vector of length five that includes the fourth-order
effective parameters

h

m ¼ U4

W 42x

W 42y

W 44x

i
W 44y ;

(D-5)

b is a column vector of length five that depends on the offset-azimuth alone,

b ¼ ½1; cos 2ψ off ; sin 2ψ off ; cos 4ψ off ; sin 4ψ off T ; (D-6)
and M is a square matrix of dimensions 5 × 5, whose components
depend on the second-order parameters.
Column 1 reads

M11
M21
M31
M41
M51

¼ þU 42 þ 4U22 ðW 22x þ W 22y Þ þ ðW 22x þ W 22y Þ2 ;
¼ −3U2 W 2x ðU 22 þ W 22x þ W 22y Þ;
¼ −3U2 W 2y ðU 22 þ W 22x þ W 22y Þ;
¼ þ6U 22 ðW 22x − W 22y Þ;
¼ þ12U 22 W 2x W 2y :
(D-7a)

¼ −4U2 W 2x ðU 22 þ W 22x þ W 22y Þ;
¼ þU 42 þ W 42x þ 6U22 W 22x − W 42y ;
¼ þ2W 2x W 2y ð3U22 þ W 22x þ W 22y Þ;
¼ −4U2 W 2x ðU 22 þ W 22x − 3W 22y Þ;
¼ −4U2 W 2y ðU 22 þ 3W 22x − W 22y Þ;

¼ þ4U22 W 2x W 2y ;
¼ −U 2 W 2y ðU22 þ 3W 22x − W 22y Þ;
¼ −U 2 W 2x ðU22 − W 22x þ 3W 22y Þ;
¼ þ4W 2x W 2y ðW 22x − W 22y Þ;
¼ þU42 − W 42x þ 6W 22x W 22y − W 42y :

(D-7e)

APPENDIX E
WEAK AZIMUTHAL ANISOTROPY
In this appendix, we consider a special case of symmetric moveout for weak azimuthal anisotropy. An example of such a case
may be a layered monoclinic medium modeled by a VTI background with strong anisotropy (horizontal layering plane), and several vertical fracture planes of arbitrary azimuths (Bakulin et al.,
2000b), whose weakness components (e.g., Schoenberg and
Helbig, 1997) are small. Derivations and resulting formulas in this
appendix are valid for layered triclinic media as well, provided the
moveout is symmetric and the azimuthal anisotropy is small. In
this case, the two azimuthally isotropic parameters U 2 and U 4
can still be large, whereas the six azimuthally anisotropic parameters W 2x ; W 2y ; W 42x ; W 42y ; W 44x ; W 44y are assumed small. We expand the second- and fourth-order NMO velocities into a power
series in the small effective parameters and drop the nonlinear terms
with their products and powers. For weak azimuthal anisotropy, the
second- and fourth-order NMO velocity functions in the offset-azimuth domain simplify and converge to the corresponding functions
in the slowness-azimuth domain:

V 22 ðψÞto ¼ U 2 þ W 2 cos 2ðψ − Ψ2;H Þ;
V 44 ðψÞto ¼ 2½U4 þ W 42 cos 2ðψ − Ψ42 Þ

Columns 2 reads

M12
M22
M32
M42
M52

M 15
M 25
M 35
M 45
M 55

þ W 44 cos 4ðψ − Ψ44 Þ;
(D-7b)

(E-1)

where the azimuth ψ stands for either ψ slw or ψ off . We emphasize,
however, that even for weak azimuthal anisotropy, the slowness azimuth is not equal to the offset azimuth (azimuth of the sourcereceiver line). Note that W 2 is a positive value, whereas W 42 and
W 44 may have any sign. In the case of weak azimuthal anisotropy,
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in terms of the normalized global effective parameters, the secondand fourth-order NMO velocities and effective anellipticity become
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V 22 ðψÞ ¼ V̄ 22 ½1 þ E2 cos 2ðψ − Ψ2;H Þ;
V 44 ðψÞ ¼ V̄ 44 þ

V 44;H − V 44;L cos 2ðψ − Ψ42 Þ
cos 2ΔΨ42
2

V 44;H − 2V̄ 44 þ V 44;L cos 4ðψ − Ψ44 Þ
;
cos 4ΔΨ44
2
1 þ 8η̄eff
tan 2ΔΨ42 sin 2ðψ − Ψ2;H Þ
ηeff ðψÞ ¼ η̄eff þ E2
4
E − E4;L cos 2ðψ − Ψ42 Þ
þ 4;H
cos 2ΔΨ42
2
E4;H þ E4;L cos 4ðψ − Ψ44 Þ
þ
;
(E-2)
cos 4ΔΨ44
2
þ

where, due to weak azimuthal anisotropy, the azimuth ψ is generic
and stands for ψ slw and ψ off . The lag between the offset and slowness azimuths for weak azimuthal anisotropy does not vanish

W
sinðψ off − ψ slw Þ ¼ − 2 sin 2ðψ − Ψ2;H Þ
U2

U4 W 2
W
þ
sin 2ðψ − Ψ2;H Þ − 42 sin 2ðψ − Ψ42 Þ
2
2U 2
U2

W
− 44 sin 4ðψ − Ψ44 Þ p2h þ Oðp4h Þ;
U2

(E-3)

where the expression in square brackets has the units of velocity
squared. Note that even when expressing the lag between the
two azimuths (equation E-3), the azimuth on the right side of
the equation is generic and may be either slowness or offset azimuths. With the normalized effective parameters, equation E-3 becomes

sinðψ off − ψ slw Þ ¼ −E2 sin 2ðψ − Ψ2;H Þ

1 þ 8η̄eff
sin 2ðψ − Ψ2;H Þ−
þ E2
2


1 þ 8η̄eff sin 2ðψ − Ψ42 Þ
ðE4;H − E4;L Þ þ E2
cos 2ΔΨ42
2

sin 4ðψ − Ψ44 Þ 2 2
V̄ 2 ph :
− 2ðE4;L þ E4;H Þ
cos 4ΔΨ44

(E-4)
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